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Approximate Dynamics in
Slowly Modulated Photonic Crystals
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University of Toronto
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Talk based on

The PerturbedMaxwell Operator as Pseudodifferential Operator,
with Giuseppe De Nittis (arxiv:1302.1956)

Effective Light Dynamics in Photonic Crystals: Isotropic
Perturbations, with Giuseppe De Nittis (arxiv:1307.1642)
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...1 Rewriting the Maxwell equations

...2 Fundamental properties

...3 Periodic Maxwell operators

...4 Perturbed periodic Maxwell operators

...5 Open problems
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Maxwell operator Properties Periodic Perturbations Open problems

Reformulate source-free Maxwell equations (d = 3)
...1 Field energy

E
(
E,H

)
=

1

2

∫
R3

dx
(⟨

E(x), ε(x)E(x)
⟩
C3 +

⟨
H(x), µ(x)H(x)

⟩
C3

)
= E

(
E(t),H(t)

)
...2 Dynamical equations

−ε
∂

∂t
E(t) = ∇x × H(t), E(0) = E

+µ
∂

∂t
H(t) = ∇x × E(t), H(0) = H

...3 No sources

∇x · εE(t) = 0

∇x · µH(t) = 0
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Reformulate source-free Maxwell equations (d = 3)

...1 Field energy (E,H) ∈ H(ε, µ) := L2ε(R3,C3)⊕ L2µ(R3,C3)

∥∥(E,H)∥∥2
H(ε,µ)

:=

∫
R3

dx
(⟨

E(x), ε(x)E(x)
⟩
C3 +

⟨
H(x), µ(x)H(x)

⟩
C3

)
= 2 E

(
E,H

)
...2 Dynamical equations⇝ “Schrödinger-type equation”

i
d
dt

(
E(t)
H(t)

)
=

(
0 +ε−1 (−i∇x)

×

−µ−1 (−i∇x)
× 0

)(
E(t)
H(t)

)
...3 No sources⇝ “physical states”

J(ε, µ) :=
{
(E,H) ∈ H(ε, µ)

∣∣ ∇x · εE = 0 ∧∇x · µH = 0
}
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Maxwell operator Properties Periodic Perturbations Open problems

Domain and invariant subspaces

.
Assumption
..
.ε, µ ∈ L∞

(
R3,MatR(3)

)
, 0 < c1R3 ≤ ε, µ ≤ C1R3
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Domain and invariant subspaces

Maxwell operator

M(ε, µ) :=

(
0 +ε−1 (−i∇x)

×

−µ−1 (−i∇x)
× 0

)
=

(
ε−1 0
0 µ−1

) (
0 +(−i∇x)

×

−(−i∇x)
× 0

)
= W Rot

W bounded, bounded inverse
⇒D = D(Rot) ⇝ independent of choice of ε, µ!
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Domain and invariant subspaces

Maxwell operator

M(ε, µ) :=

(
ε−1 0
0 µ−1

) (
0 +(−i∇x)

×

−(−i∇x)
× 0

)
= W Rot

W bounded, bounded inverse
⇒D

(
M(ε, µ)

)
= D(Rot) ⇝ independent of choice of ε, µ!
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Domain and invariant subspaces
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Maxwell operator
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Domain and invariant subspaces

Maxwell operator

M(ε, µ) :=

(
ε−1 0
0 µ−1

) (
0 +(−i∇x)

×

−(−i∇x)
× 0

)
= W Rot

M(ε, µ)∗ = M(ε, µ) onD [Birman & Solomyak (1987)]
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Domain and invariant subspaces

Decomposition ofH(ε, µ) into invariant orthogonal subspaces

H(ε, µ) =
(
ranGrad

)⊥H(ε,µ) ⊕⊥ ranGrad

=: J(ε, µ)⊕⊥ G

⇝ identifies physical and unphysical subspaces
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Domain and invariant subspaces

Decomposition ofH(ε, µ) into invariant orthogonal subspaces

H(ε, µ) =
(
ranGrad

)⊥H(ε,µ) ⊕⊥ ranGrad

=: J(ε, µ)⊕⊥ G

⇝ identifies physical and unphysical subspaces
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Domain and invariant subspaces

Decomposition ofH(ε, µ) into invariant orthogonal subspaces

H(ε, µ) =
(
ranGrad

)⊥H(ε,µ) ⊕⊥ ranGrad

=: J(ε, µ)⊕⊥ G

Maxwell operator is block diagonal [Birman & Solomyak (1987)]

M(ε, µ) = M(ε, µ)|J(ε,µ) ⊕ 0|G

⇒many authors studyM(ε, µ)|J(ε,µ) instead ofM(ε, µ)
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Fundamental symmetry

ε, µmatrix-valued functions (real entries!): complex conjugation C

C εC = ε Cµ C = µ

Mw and C anti-commute:

⇒ CMw C = CW Rot C = WC Rot C

= −W Rot = −Mw
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Fundamental symmetry

⇒ C e−itMw C = e+it CMw C = e−itMw

⇔
[
C , e−itMw

]
= 0

⇒
[
Re , e−itMw

]
= 0 Re := 1

2

(
1+ C

)
Real-valued initial conditions⇒ real-valued solutions
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Structure of Maxwell operators

Schrödinger operators vs.Maxwell operators
prototypical form H = −∆x + V vs. M = W Rot
perturbations are additive vs. multiplicative
Hilbert spaces are not weighted vs. weighted

symmetry CHC = +H vs. CMw C = −Mw
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...4 Perturbed periodic Maxwell operators

...5 Open problems
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Photonic crystals

taken from S. G. Johnson and J. D. Joannopoulos, APL 77, 3490-3492 (2000)
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Photonic crystals

Γ :=
n

γ =
P3

j=1βj aj
˛

˛ β1, β2, β3 ∈ Z
o

Γ
∗

:=
n

γ
∗

=
P3

j=1αj bj
˛

˛ α1, α2, α3 ∈ Z
o

W Wigner-Seitz cell B Brillouin zone
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Photonic crystals

.
Assumption (Γ-periodicity)
..
.In addition, assume ε = ε0 and µ = µ0 areΓ-periodic.

⇝ simplify notation: useH0 := H(ε0, µ0),M0 := M(ε0, µ0), etc.
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Photonic crystals

.
Assumption (Γ-periodicity)
..
.In addition, assume ε = ε0 and µ = µ0 areΓ-periodic.
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Fiber-decomposition of the spaces

Fibration via Zak transform:

(ZΨ)(k, y) := e−ik·y (FΨ)(k, y) =
∑
γ∈Γ

e−ik·(y+γ)Ψ(y+ γ)
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Fiber-decomposition of the spaces

Fibration via Zak transform:
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Fiber-decomposition of the spaces

Zak transform: unitary mapZ : H0 −→ L2(B)⊗ h0 where

h0 := L2ε(T3,C3)⊕ L2µ(T3,C3)
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Fiber-decomposition of the spaces

Zak transform: unitary mapZ : H0 −→ L2(B)⊗ h0 where

h0 ∼= J0(k)⊕ G0(k)

ZJ0 ∼=
⊔
k∈B

J0(k) physical

ZG0
∼=

⊔
k∈B

G0(k) unphysical
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Fibration of the periodic Maxwell operator

MZ
0 := ZM0Z−1 =

∫ ⊕

B
dkM0(k)

=

∫ ⊕

B
dk

(
ε−1
0 0

0 µ−1
0

) (
0 +(−i∇y + k)×

−(−i∇y + k)× 0

)
D
(
M0(k)

)
= D

(
Rot(0)

)
⊂ h0
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Fibration of the periodic Maxwell operator

MZ
0 := ZM0Z−1 =

∫ ⊕

B
dkW Rot(k)

=

∫ ⊕

B
dk

(
ε−1
0 0

0 µ−1
0

) (
0 +(−i∇y + k)×

−(−i∇y + k)× 0

)
D
(
M0(k)

)
= D

(
Rot(0)

)
⊂ h0



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Maxwell operator Properties Periodic Perturbations Open problems

Spectrum: physical and unphysical

σ
(
MZ

0 (k)|JZ0 (k)
)
= σdisc

(
MZ

0 (k)|JZ0 (k)
)
on physical subspace

σ
(
MZ

0 (k)|GZ(k)
)
= σpp

(
MZ

0 (k)|GZ(k)
)
= {0} on unphysical

subspace

⇝ focus on non-trivial, physical part of spectrum
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Spectrum: physical and unphysical

σ
(
MZ

0 (k)|JZ0 (k)
)
= σdisc

(
MZ

0 (k)|JZ0 (k)
)
on physical subspace

σ
(
MZ

0 (k)|GZ(k)
)
= σpp

(
MZ

0 (k)|GZ(k)
)
= {0} on unphysical

subspace

⇝ focus on non-trivial, physical part of spectrum
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Spectrum: physical and unphysical

σ
(
MZ

0 (k)|JZ0 (k)
)
= σdisc

(
MZ

0 (k)|JZ0 (k)
)
on physical subspace

σ
(
MZ

0 (k)|GZ(k)
)
= σpp

(
MZ

0 (k)|GZ(k)
)
= {0} on unphysical

subspace

⇝ focus on non-trivial, physical part of spectrum
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Symmetry properties ofM0(k)

.
Symmetry
..

.

M0(k)φn(k) = ωn(k)φn(k)

⇔
M0(k)φn(−k) = −ωn(−k)φn(−k)

To construct real-valued initial conditions:
symmetric pairs

{
φ∗(k), φ∗(−k)

}
⇝

{
ω∗(k),−ω∗(−k)

}
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Symmetry properties ofM0(k)

.
Symmetry
..

.

M0(k)φn(k) = ωn(k)φn(k)

⇔
M0(k)φn(−k) = −ωn(−k)φn(−k)

To construct real-valued initial conditions:
symmetric pairs

{
φ∗(k), φ∗(−k)

}
⇝

{
ω∗(k),−ω∗(−k)

}
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A+

n2

n-4

n-3

n-2

n-1

n1

n3

n4

A-

B-

B+

-Π Π
k

Ω

Theorem (De Nittis-L. 2013)
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B- B+

A-A+

Y4

Y3Y2

Y1

X9

X8
X7

X6

X5

X4

X3

X2

X1

n1, n-1

n2

n-2

n3

n-3

n4

n-4

-Π Π
k

 Ω¤
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3d, taken from Photonic Crystals -- Molding the Flow of Light
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...1 Rewriting the Maxwell equations

...2 Fundamental properties

...3 Periodic Maxwell operators

...4 Perturbed periodic Maxwell operators

...5 Open problems
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Perturbations of material weights

.
Assumption (Slowmodulations of material weights)
..

.

τε, τµ ∈ C∞
b (R3,R), τε, τµ ≥ c > 0

ελ(x) :=
ε(x)

τε(λx)2
µλ(x) :=

µ(x)
τµ(λx)2
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Macroscopic and microscopic degrees of freedom

x [lattice constants]

τ−2
ε (λx)

ε(x)
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Macroscopic and microscopic degrees of freedom

H0
∼= L2(B)⊗ h0 = Hmacro ⊗ Hmicro

⇝ study macroscopic dynamics given a fixed microscopic state
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Macroscopic and microscopic degrees of freedom

H0
∼= L2(B)⊗ h0 = Hmacro ⊗ Hmicro

⇝ study macroscopic dynamics given a fixed microscopic state
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Macroscopic and microscopic degrees of freedom

⇝ study macroscopic dynamics given a fixed microscopic state via
space-adiabatic perturbation theory [PST (2002)]
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Slowly modulated Maxwell operator

.
Maxwell operator
..

.

Mλ := M(ελ, µλ)

D ⊂ Hλ := H(ελ, µλ)

Hλ = Jλ ⊕⊥ G
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Slowly modulated Maxwell operator

.
Maxwell operator
..

.

Mλ := M(ελ, µλ)

D ⊂ Hλ := H(ελ, µλ)⇝ Hilbert space depends on λ!

Hλ = Jλ ⊕⊥ G
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Effective dynamics

.
Goal..

.

Approximate e−itMλ for physical states from a narrow range of
frequencies, i. e. states which are

...1 located in Jλ,

...2 real-valued states and

...3 associated to specific frequency bands ofM0

up to higher-order errors in λ.
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Effective dynamics

.
Goal..

.

Approximate e−itMλ for physical states from a narrow range of
frequencies, i. e. states which are

...1 located in Jλ,

...2 real-valued states and

...3 associated to specific frequency bands ofM0

up to higher-order errors in λ.
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Effective dynamics

.
Goal..

.

Approximate e−itMλ for physical states from a narrow range of
frequencies, i. e. states which are

...1 located in Jλ,

...2 real-valued states and

...3 associated to specific frequency bands ofM0

up to higher-order errors in λ.
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Effective dynamics

.
Goal..

.

Approximate e−itMλ for physical states from a narrow range of
frequencies, i. e. states which are

...1 located in Jλ,

...2 real-valued states and

...3 associated to specific frequency bands ofM0

up to higher-order errors in λ.
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Physical states

.
Theorem (De Nittis-L. 2012)..

.

There exist orthogonal projections

ΠΠΠλ = ΠΠΠ+λ +ΠΠΠ+λ +O∥·∥(λ
∞)

associated to a symmetric family of bands so that[
Mλ,ΠΠΠ±λ

]
= O∥·∥(λ

∞).
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Effective semiclassical dynamics

Simplest case:
semiclassical dynamics

aka ray optics
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Effective semiclassical dynamics

A+

n2

n-4

n-3

n-2

n-1

n1

n3

n4

A-

B-

B+

-Π Π
k

Ω
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Effective semiclassical dynamics

.
Setup
..

.

ω∗ isolated, non-degenerate
⇝ in actuality: consider the pair

{
ω∗(k),−ω∗(−k)

}
ω∗(k) ̸= 0 for all k ∈ R3⇝ excludes ground state bands!

Bloch function k 7→ φ∗(k)

projection (r, k) 7→ πππ0(r, k) := S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)
smooth

Chern number associated to k 7→ |φ∗(k)⟩⟨φ∗(k)| need not be
zero! (then k 7→ φ∗(k) cannot be chosen purely real)
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Effective semiclassical dynamics

.
Setup
..

.

ω∗ isolated, non-degenerate
⇝ in actuality: consider the pair

{
ω∗(k),−ω∗(−k)

}
ω∗(k) ̸= 0 for all k ∈ R3⇝ excludes ground state bands!

Bloch function k 7→ φ∗(k)

projection (r, k) 7→ πππ0(r, k) := S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)
smooth

Chern number associated to k 7→ |φ∗(k)⟩⟨φ∗(k)| need not be
zero! (then k 7→ φ∗(k) cannot be chosen purely real)



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Maxwell operator Properties Periodic Perturbations Open problems

Effective semiclassical dynamics

.
Setup
..

.

ω∗ isolated, non-degenerate
⇝ in actuality: consider the pair

{
ω∗(k),−ω∗(−k)

}
ω∗(k) ̸= 0 for all k ∈ R3⇝ excludes ground state bands!

Bloch function k 7→ φ∗(k)

projection (r, k) 7→ πππ0(r, k) := S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)
smooth

Chern number associated to k 7→ |φ∗(k)⟩⟨φ∗(k)| need not be
zero! (then k 7→ φ∗(k) cannot be chosen purely real)
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Effective semiclassical dynamics

.
Setup
..

.

ω∗ isolated, non-degenerate
⇝ in actuality: consider the pair

{
ω∗(k),−ω∗(−k)

}
ω∗(k) ̸= 0 for all k ∈ R3⇝ excludes ground state bands!

Bloch function k 7→ φ∗(k)

projection (r, k) 7→ πππ0(r, k) := S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)
smooth

Chern number associated to k 7→ |φ∗(k)⟩⟨φ∗(k)| need not be
zero! (then k 7→ φ∗(k) cannot be chosen purely real)
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Effective semiclassical dynamics

.
Setup
..

.

ω∗ isolated, non-degenerate
⇝ in actuality: consider the pair

{
ω∗(k),−ω∗(−k)

}
ω∗(k) ̸= 0 for all k ∈ R3⇝ excludes ground state bands!

Bloch function k 7→ φ∗(k)

projection (r, k) 7→ πππ0(r, k) := S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)
smooth

Chern number associated to k 7→ |φ∗(k)⟩⟨φ∗(k)| need not be
zero! (then k 7→ φ∗(k) cannot be chosen purely real)
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Effective semiclassical equations of motion

.
Semiclassical Maxwellian..

.

Msc = τε τµ ω∗+

+ λ
(
i τε

⟨
φE
∗,∇rτµ × φH

∗
⟩
L2 − i τµ

⟨
φH
∗ ,∇rτε × φE

∗
⟩
L2+

− i
2

⟨
φ∗, S

{
S−2M0(·)− τε τµ ω∗

}
S−1φ∗

⟩
h0

)
SymbolMλ and analog of Rammal-Wilkinson term
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Effective semiclassical equations of motion

.
Semiclassical Maxwellian..

.

Msc = τε τµ ω∗+

+ λ
(
i τε

⟨
φE
∗,∇rτµ × φH

∗
⟩
L2 − i τµ

⟨
φH
∗ ,∇rτε × φE

∗
⟩
L2+

− i
2

⟨
φ∗, S

{
S−2M0(·)− τε τµ ω∗

}
S−1φ∗

⟩
h0

)
SymbolMλ and analog of Rammal-Wilkinson term
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Effective semiclassical equations of motion

.
O(λ)-correction to symplectic form: Berry curvature
..

.

πππ0(r, k) = S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)

Ω =

(
Ωrr Ωrk

Ωkr Ωkk

)
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Effective semiclassical equations of motion

.
O(λ)-correction to symplectic form: Berry curvature
..

.

πππ0(r, k) = S−1(r) |φ∗(k)⟩⟨φ∗(k)| S(r)

Ωrr
jn = −i

⟨
φ∗, S

[
∂rjπππ0 , ∂rnπππ0

]
S−1φ∗

⟩
h0

= 0

Ωrk
jn = −i

⟨
φ∗, S

[
∂rjπππ0 , ∂knπππ0

]
S−1φ∗

⟩
h0

= −Ωkr
nj ̸= 0

Ωkk
jn = −i

⟨
φ∗, S

[
∂kjπππ0 , ∂knπππ0
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Effective semiclassical equations of motion

.
Semiclassical dynamics
..

.

Φλ flow associated to(
0 −1+ λΩrk

+1+ λΩkr +λΩkk

)(
ṙ
k̇

)
=

(
∇rMsc
∇kMsc

)
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Semiclassics: main result

.
Theorem (De Nittis-L. 2013)..

.

For all suitable observables f, the following Egorov-type theorem holds:∥∥∥Π±λ

(
e+itMλ Opλ(f ) e

−itMλ − Opλ
(
f ◦ Φ±λ

))
Π±λ

∥∥∥ = O(λ2)

Φ±λ flow associated to positive/negative frequency band
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Semiclassics: interpretation of main result

first mathematically rigorous result
previously unknownO(λ) terms

O(λ) term from symbol (change in field energy)
Teufel-Stiepan term (⇝ Rammal-Wilkinson term, geometric)
additional Berry curvature terms (geometric)

assumption ω∗(k) ̸= 0 ∀k ∈ R3 excludes ground state bands

»having to run two semiclassical dynamics« to approximate
physical states

Proof based on recent publication of Teufel & Stiepan
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Semiclassics: interpretation of main result
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assumption ω∗(k) ̸= 0 ∀k ∈ R3 excludes ground state bands
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⇒multiscale ansatz breaks down!
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Semiclassics: comparison to notable previous results

.
Haldane & Raghu, Phys. Rev. A 78, 033834 (2008)
..

.

»derivation by analogy« (k̇ equation since derived by Esposito
and Gerace)

necessity of slow variation recognized, but small parameter λ
not used

equations of motion:

ṙ = +∇k
(
τε τµ ω∗

)
− λΩkk k̇

k̇ = −∇r
(
τε τµ ω∗

)
⇝ eom are missingO(λ) terms, only leading-order correct
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Semiclassics: comparison to notable previous results
.
Onoda, Murakami, Nagaosa, Phys. Rev. E 76, 066610 (2006)
..

.

use Sundaram–Niu variational technique + second
quantization

semiclassical statesΨ(r, k, z) parametrized by (r, k) ∈ T∗R3,
z ∈ S2⇝ find extremals of functional

L =
⟨
Ψ(r, k, z)

∣∣∣i ddt −MZ
λ

∣∣∣Ψ(r, k, z)
⟩

equations of motion:

ṙ = +∇k
(
τε τµ ω∗

)
+ k̇ ∧

⟨
z
∣∣Ω̃∣∣z⟩+ other terms

k̇ = −∇r
(
τε τµ ω∗

)
+ other terms

˙|z⟩ = additional equation of motion



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Maxwell operator Properties Periodic Perturbations Open problems

Semiclassics: comparison to notable previous results
.
Onoda, Murakami, Nagaosa, Phys. Rev. E 76, 066610 (2006)
..

.

use Sundaram–Niu variational technique + second
quantization

semiclassical statesΨ(r, k, z) parametrized by (r, k) ∈ T∗R3,
z ∈ S2⇝ find extremals of functional

L =
⟨
Ψ(r, k, z)

∣∣∣i ddt −MZ
λ

∣∣∣Ψ(r, k, z)
⟩

equations of motion:
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Semiclassics: comparison to notable previous results

.
Onoda, Murakami, Nagaosa, Phys. Rev. E 76, 066610 (2006)
..

.

equations of motion:

ṙ = +∇k
(
τε τµ ω∗

)
+ k̇ ∧

⟨
z
∣∣Ω̃∣∣z⟩+ other terms

k̇ = −∇r
(
τε τµ ω∗

)
+ other terms

˙|z⟩ = additional equation of motion

involve »polarization« degree of freedom |z⟩
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Semiclassics: comparison to notable previous results

.
Onoda, Murakami, Nagaosa, Phys. Rev. E 76, 066610 (2006)
..

.

equations of motion:

ṙ = +∇k
(
τ ω∗

)
+ k̇ ∧

⟨
z
∣∣Ω̃∣∣z⟩+

−∇k

(
τ ω∗ ∇r ln τε

τµ
·
⟨
z
∣∣1
2

(
ÃE − ÃH)∣∣z⟩)+

+ i
⟨
z
∣∣[(τ ω∗ ∇r ln τε

τµ

)
· 1
2

(
ÃE − ÃH) , 1

2

(
ÃE + ÃH)]∣∣z⟩

k̇ = −∇r
(
τ ω∗

)
−∇r

(
τ ω∗ ∇r ln τε

τµ
·
⟨
z
∣∣1
2

(
ÃE − ÃH)∣∣z⟩)

˙|z⟩ = i
(
−k̇ · 1

2

(
ÃE + ÃH)+ τ ω∗ ∇r ln τε

τµ
· 1
2

(
ÃE − ÃH))∣∣z⟩

involve »polarization« degree of freedom |z⟩
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Semiclassics: comparison to notable previous results

.
Onoda, Murakami, Nagaosa, Phys. Rev. E 76, 066610 (2006)
..

.

equations of motion:

ṙ = +∇k
(
τε τµ ω∗

)
+ k̇ ∧

⟨
z
∣∣Ω̃∣∣z⟩+ other terms

k̇ = −∇r
(
τε τµ ω∗

)
+ other terms

˙|z⟩ = additional equation of motion

result is not readily comparable to ours
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...3 Periodic Maxwell operators

...4 Perturbed periodic Maxwell operators

...5 Open problems
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Selection of few interesting questions

Gyrotropic photonic crystals⇝ complex entries in offdiagonal
entries of ε of µ
⇒ topological effects analogous to quantum Hall effect

Case d = 2

Classification of symmetries of operators in the sense of
Altlander and Zirnbauer⇒ existence of topological invariants

Real triviality of twin-band Bloch bundle

Meta materials with negative refraction index
⇝ ε and µ no longer positive-matrix-valued!
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