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Chapter 1

Introduction

At the end of the 19th up until the late 1920s three (!) revolutionary physical theories were
developed: statistical mechanics which explains the physics of many particles in equilib-
rium, general relativity which governs the physics on the large scale and quantum mechanics
which describes the physics on the microscopic scale. Einstein made seminal contribu-
tions to all three: he put statistical mechanics on firm grounds with his articles on Brown-
ian motion, he invented general relativity and explained the photo electric effect. For the
latter, the contribution to quantum mechanics, he received the Nobel Prize in 1921.

The aim of this course is to give an introduction to quantum mechanics with a focus
on the underlying mathematical structures. That means we will dedicate one or more
chapters to systematically study the notion of states, what observables are and the dynamical
equations. Each of these chapters gives insight into some interesting aspects relevant to
applications, e. g. we present some standard techniques to prove existence or absence of
bound states in quantum systems as part of the discussion of observables.

This course is located at the intersection of mathematics and physics, so one of the tasks
is to establish a dictionary between the mathematics and physics community. Both com-
munities have benefitted from each other tremendously over the course of history: physi-
cists would often generate new problems for mathematicians while mathematicians build
and refine new tools to analyze problems from physics.

However, the course is not meant to be a comprehensive introduction to any of these
fields in particular, but is intended to give an overview, elucidate some of the connections
and whet the appetite for more.

Literature We make no attempts at completeness, and there are many very interesting
aspects of quantum theory or mathematics which are not covered. For readers who are
interested in the subject, a good standard physics textbook on the subject is [Sak94] while



1 Introduction

the mathematics of quantum mechanics is covered in more depth in [Tes09; GS11] and the
four-book Reed-Simon series [RS72; RS75; RS79; RS78]. In each of the chapters we will give
additional references specific to the topic. However, many topics will not be discussed at
all even though they are fascinating. One such omission is quantum electrodynamics, the
theory of quantized light coupled to matter (cf. [Spo04, Part I1]).



Chapter 2

Paradigms of quantum mechanics

The explanation of the photoelectric effect through light quanta is the name sake for quan-
tum mechanics. Quantization here refers to the idea that energy stored in light comes
in “chunks” known as photons, and that the energy per photon depends only on the fre-
quency. This is quite a departure from the classical theory of light through Maxwell’s
equations (cf. [Jac9s]).

2.1 Two archetypical quantum systems

The simplest bona fide quantum system is that of a quantum spin, and it can be used to
give an effective description of the Stern-Gerlach experiment where a beam of neutral atoms
with magnetic moment g is sent through a magnet with inhomogeneous magnetic field
B = (B, By, B3). It was observed experimentally that the beam splits in two rather
than fan out with continuous distribution. Hence, the system behaves as if only two spin
configurations, spin-up 1 and spin-down |, are realized. A simplified (effective) model
neglects the translational degree of freedom and focusses only on the internal spin degree
of freedom. Then the energy observable, the hamiltonian, is the matrix

H=g¢B-S

which involves the spin operator S; := Zo; defined in terms of Planck’s constant / and
the three Pauli matrices

O (0 i (41 0
g1 = 1 0/’ g9 = +i 0 ) 03 = 0 1)

and the magnetic moment g and the magnetic field B. The prefactor of the Pauli matrices
are real, and thus H = H* is a hermitian matrix.
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For instance, assume B = (0, 0,b) points in the x3-direction. Then spin-up and spin-
down (seen from the z3-direction) are the eigenvectors of

hgb
H= <+g ggb> i
0 -

i.e.y+ =(1,0) and ¢ = (0, 1). The dynamical equation is the Schrédinger equation

s,
ihov(t) = Hy(t), ¥(0) = o € H. (2.1.1)
The vector space H = C? becomes a Hilbert space if we equip it with the scalar product

(Y, )2 = Z Jj%"

Jj=12

Moreover, the hermitian matrix H can always be diagonalized (cf. exercises 1-2), and the
eigenvectors to distinct eigenvalues are orthogonal. The complex-valued wave function 1
encapsulates probabilities: for any ¢ € C? normalized to 1 = |[)[| 2, the probability to
find the particle in the spin-up configuration is

P(Ss =1) = [¢n]? = (w1, ¥)|?

since 14 = (1,0). The above notation comes from probability theory and means “the
probability of finding the random observable spin S; in the spin-1 configuration +4”.

The second exemplary quantum system describes a non-relativistic particle of mass m
subjected to an electric field generated by the potential V. The classical Hamilton function

h(q,p) = 7=p* + V(q) is then “quantized” to
I 1 . 2 .
h(%,—ihV,) = H = 5 (—ihV)" + V(&)

by replacing momentum p by the momentum operator P = —iiV,, and position ¢ by the
multiplication operator Q = 7.} The hamiltonian is now an operator on the Hilbert space
L?(R9) whose action on suitable vectors 1 is
hQ
(Hy)(x) = —5—(As¢) () + V(2) ¥().

2m

Quantum particles simultaneously have wave and particle character: the Schrédinger

1To find a consistent quantization procedure is highly non-trivial. One possibility is to use Weyl quantization
[Wey27; Wig32; Moy49; Fol89; Leil0]. Such a quantization procedure also yields a formulation of a semiclas-
sical limit, and the names for various operators (e. g. position, momentum and angular momentum) are then
justified via a semiclassical limit. For instance, the momentum operator is —i4V ., because in the semiclas-
sical limit it plays the role of the classical momentum observable p (cf. e. g. [Leil0, Theorem 1.0.1] and [Leilo0,
Theorem 7.0.1]).



2.1 Two archetypical quantum systems

Figure 2.1.1: Images of a low-intensity triple slit experiment with photons (taken from
[Cro08]).

equation (2.1.1) is structurally very similar to a wave equation. The physical constant /
relates the energy of a particle with the associated wave length and has units [energy -
time]. The particle aspects come into play when one measures outcomes of experiments:
consider a version of the Stern-Gerlach experiment where the intensity of the atomic beam
is so low that single atoms pass through the magnet. If the modulus square of the wave
function ¢ (¢, 2)|? were to describe the intensity of a matter wave, then one expects that
the two peaks build up slowly, but simultaneously. In actuality, one registers single impacts
of atoms and only if one waits long enough, two peaks emerge (similar to what one sees
in a low-intensity triple slit experiment in Figure 2.1.1). This is akin to tossing a coin: one
cannot see the probabilistic nature in a few coin tosses, let alone a single one. Probabilities
emerge only after repeating the experiment often enough. These experiments show that
|9(t, 2)|? is to be interpreted as a probability distribution, but more on that below.

Pure states are described by wave functions, i. e. complex-valued, square integrable
functions. Put more precisely, we are considering L?(R?) made up of equivalence classes
of functions with scalar product

(o) = [ da@ (o)

and norm ||¢|| := /{1, ¢). In physics text books, one usually encounters the bra-ket nota-
tion: here [1) is a state and (x|1)) stands for ¢)(z). The scalar product of ¢, € L?(R%) is
denoted by (¢|1)) and corresponds to (¢, 1). Although bra-ket notation can be ambiguous,
it is sometimes useful and is in fact used in mathematics every once in a while.

The fact that L?(R?) consists of equivalence classes of functions is only natural from a
physical perspective: if 1); ~ 15 are in the same equivalence class (i. e. they differ on a
set of measure 0), then the associated probabilities coincide: Physically, |¢(t, )| is inter-
preted as the probability to measure a particle at time t in (an infinitesimally small box located
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in) location . 1f we are interested in the probability that we can measure a particle in a
region A C R?, we have to integrate |1 (, )| over A,

P(X(t) e A) = /A dz |(t, ). (2.1.2)

If we want to interpret || as probability density, then the wave function has to be normal-
ized, i. e.

1 = [ do @)l =1

This point of view is called Born rule: |1|* could either be a mass or charge density - or a
probability density. To settle this, physicists have performed the double slit experiment
with an electron source of low flux (cf. Figure 2.1.1). If |)]* were a density, one would see
the whole interference pattern building up slowly. Instead, one measures “single impacts”
of electrons and the result is similar to the data obtained from experiments in statistics
(e. g. the Dalton board). Hence, we speak of particles.

2.2 The mathematical framework of quantum mechanics

To identify the structures common to all physical theories, let us study quantum mechan-
ics in the abstract. We have to identify the notions of states, observables and dynamical
equations in Schrédinger and Heisenberg picture. Here, Schrédinger and Heisenberg picture
refer two equivalent formulations of the dynamics where on the one hand one can evolve
states or on the other develop observables in time.

2.2.1 Quantum observables

Quantities that can be measured are represented by selfadjoint (hermitian in physics par-
lance) operators F on the Hilbert space H (typically L2(R%)), 1. e. special linear maps

F:D(F)CH— H.

Here, D(F) is the domain of the operator since typical observables are not defined for all
v € H. This is not a mathematical subtlety with no physical content, quite the contrary: con-
sider the observable energy, typically given by

I TP
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then states in the domain
D(H) = {1/; e I’(RY) | Hy e LQ(Rd)} C L2(RY)

are those of finite energy. For all ¢ in the domain of the hamiltonian D(H) C L?(R%), the
energy expectation value

<1/),H1/J> < o0

is bounded. Well-defined observables have domains that are dense in #. Similarly, states
in the domain D(Z;) of the jth component of the position operator are those that are “lo-
calized in a finite region” in the sense of expectation values. Boundary conditions may also
enter the definition of the domain: as seen in the example of the momentum operator on
[0, 1], different boundary conditions yield different momentum operators (see Chapter 4.3
for details).

The set of possible outcomes of measurements of H is its spectrum o ( H ), namely the set
of complex numbers z so that H — z is not invertible (cf. Definition 4.1.6). These can include
eigenvalues, but also other types of spectra are possible if H is defined on an infinite-
dimensional Hilbert space.

The energy observable is just a specific example, but it contains all the ingredients which
enter the definition of a quantum observable:

Definition 2.2.1 (Observable) A quantum observable F is a densely defined, selfadjoint oper-
ator on a Hilbert space. The spectrum o (F') (cf. Definition 4.1.6) is the set of outcomes of measure-
ments.

Physically, results of measurements are real which is reflected in the selfadjointness of
operators (cf. Chapter 5), H* = H, and one can show that spectra of selfadjoint operators
are necessarily subsets of the reals (cf. Theorem 5.2.11). Typically one “guesses” quantum
observables from classical observables: in d = 3, the angular momentum operator is given

by
L =& x (—1hV,).

In the simplest case, one uses Dirac’s recipe (replace x by # and p by —iAV ) on the classical
observable angular momentum L(z,p) = x x p. In other words, many quantum observables
are obtained as quantizations of classical observables: examples are position, momentum and
energy. Moreover, the interpretation of, say, L = & x (—ihV,,) as angular momentum is
taken from classical mechanics.

In the definition of the domain, we have already used the definition of expectation value:
the expectation value of an observable F' with respect to a state 1) (which we assume to be
normalized, ||¢|| = 1) is given by

Ey(F) := (¢, Fy). (2.2.1)
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The expectation value is finite if the state ¢ is in the domain D(F'). The Born rule of
quantum mechanics tells us that if we repeat an experiment measuring the observable F
many times for a particle that is prepared in the state v each time, the statistical average
calculated according to the relative frequencies converges to the expectation value E,, (F').

Hence, quantum observables, selfadjoint operators on Hilbert spaces, are bookkeeping
devices that have two components:

(i) a set of possible outcomes of measurements, the spectrum o (F'), and

(ii) statistics contained in the spectral measure (cf. Chapter 6), i. e. how often a possible
outcome occurs.

The uncertainty principle One of the fundamentals of quantum mechanics is Heisenberg’s
uncertainty principle, namely that one cannot arbitrarily localize wave functions in position
and momentum space simultaneously. This is a particular case of a much more general fact
about non-commuting (quantum) observables:

Theorem 2.2.2 (Heisenberg’s uncertainty principle) Let A, B : H — H be two bounded
selfadjoint operators on the Hilbert space H. And we define the variance

2
oy (A = By ((A - Ey(4))%)
with respect to ¢) € H with ||1|| = 1. Then Heisenberg’s uncertainty relation holds:
%’Ew (1[A,BD| < O’w(A) U,/}(B) (2.2.2)

Proof Let ¢ € H be an arbitrary normalized vector. Due to the selfadjointness of A and
B, the expectation values are real,

Ey(A) = (v, Ap) = (A", ) = (Ap, )

= (1, Ap) = Ey(A).

In general A and B will not have mean 0, but

A:=A—E,A)
and B := B —E,(B) do. Hence, we can express the variance of A as an expectation value:
oy (A)? = By ((A-Ey(4))") = By (42)
Moreover, the commutator of A and B coincides with that of A and B,

[4,B] = [A,B] — [Ey(A), B] — [A,Ey(B)] + [Ey(A),Ey(B)]
_[4,B].
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Then expressing the left-hand side of (2.2.2) in terms of the shifted observables A and B,
and using the Cauchy-Schwarz inequality as well as the selfadjointness yields Heisenberg’s
inequality,

[Ew (114, B))| = [Eo (14, BY)| = | (v, ABv) — (v, BAv)|
< [(Ag, BY)| + [(By, Av)| < 2| Ay|| || By
= 2/ (Ap, Av) \/(Be, Bo) = 2/ (w, A20) \/ (4, B20)

=20y(A)oy(B). O

Often Heisenberg’s inequality is just stated for the position observable x; (multiplication by
x;) and the momentum observable —ih0,,: even though these are unbounded selfadjoint
operators (cf. the discussion in Chapters 4.3 and 5), this introduces only technical compli-
cations on R¢, For instance, the above arguments hold verbatim if we require in addition
Y € C(RY)  L?(R?), and vectors of this type lie dense in L%(R?). Then the left-hand
side of Heisenberg’s inequality reduces to #/2 because

25, (—ihdy, )] = @; (—ih0y, ) — (—ih)0%, (z; 1))
ih ok 1

and 1 is assumed to have norm 1,
O'w(l‘j) O (—1h81k) Z % (2.2.3)

Skipping over some of the details (there are technical difficulties defining the commutator
of two unbounded operators), we see that one cannot do better than /2 but there are cases
when the left-hand side of (2.2.3) is not even finite.

The physical interpretation of (2.2.2) is that one cannot measure non-commuting ob-
servables simultaneously with arbitrary precision. In his original book on quantum me-
chanics [Hei30], Heisenberg spends a lot of care to explain why in specific experiments
position and momentum along the same direction cannot be measured simultaneously
with arbitrary precision, i. e. why increasing the resolution of the position measurement
increases the error of the momentum measurement and vice versa.

2.2.2 Quantum states

Pure states are wave functions ¢ € H with ||¢|| = 1, or rather, normalized wave functions
up to a total phase: just like one can measure only energy differences, only phase shifts are
accessible to measurements. Hence, one can think of pure states as orthogonal projections

Py =) = (¥, ) ¥.
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Here, one can see the elegance of bra-ket notation vs. the notation that is “mathemati-
cally proper”. A generalization of this concept are density operators p (often called density
matrices with obvious abuse of terminology): density matrices are defined via the trace. If
p is a suitable linear operator and {¢,, },cn any orthonormal basis of 7, then we define

Tr p =Y (n, pon)-

neN

One can easily check that this definition is independent of the choice of basis (see home-
work problem 3). Clearly, P, has trace 1 and it is also positive in the sense that

(p, Pyp) >0
for all ¢ € H. This is also the good definition for quantum states:

Definition 2.2.3 (Quantum state) A quantum state (or density operator/matrix) p = p* is a
non-negative selfadjoint operator of trace 1, i. e.

(6, ptb) > 0, € H,
Tr p=1.
If p is also an orthogonal projection, i. e. p*> = p, it is a pure state.? Otherwise p is a mixed state.

Density operators are projections if and only if they are rank-1 projections, i. e. p = |¢) (¢)|
for some v € H of norm 1 (see problem 3).

Example Let ¢); € H{ be two wave functions normalized to 1. Then forany 0 < o < 1
p=ably + (1= a)Py, = algn) (] + (1 = a)lih) (2]
is a mixed state as
p* = a?[r) (W] + (1 = ) [tho) (Yol +
+a(l - @)(|¢1><7/)1H¢2><¢2| + |¢2><¢2H¢1><¢1|)
# p.

Even if ¢); and 1, are orthogonal to each other, since a? # « and similarly (1 — «)? #
(1 — «), p cannot be a projection. Nevertheless, it is a state if )1 L 1)y since Tr p =
a+ (1 — «) = 1. Keep in mind that p does not project on agh; + (1 — a)t)o!

Also the expectation value of an observable F with respect to a state p is defined in terms
of the trace,

E,(F) == Tr (o ),
which for pure states p = |1) (1| reduces to (¢, F'1)).

ZNote that the condition Tr p = 1 implies that p is a bounded operator while the positivity implies the selfad-
jointness. Hence, if p is a projection, i. e. p? = p, it is automatically also an orthogonal projection.

10



2.2 The mathematical framework of quantum mechanics

2.2.3 Time evolution

The time evolution is determined through the Schrédinger equation,

0
ihor(t) = Hy(t), b(t) € H, $(0) = o, [[$o] = 1. (2.2.4)
Alternatively, one can write 1 (t) = U(¢)yy with U(0) = idy. Then, we have
ih%U(t) = HU(t), U(0) = idy.

If H were a number, one would immediately use the ansatz
U(t) = e 171 (2.2.5)

as solution to the Schrédinger equation. If H is a selfadjoint operator, this is still true, but
takes a lot of work to justify (2.2.5) rigorously if the domain of H is not all of A (the case
of unbounded operators, the generic case). We will do that in Chapter 6.

As has already been mentioned, we can evolve either states or observables in time and
one speaks of the Schrédinger or Heisenberg picture, respectively. In the Schrédinger
picture, pure states evolve according to

while observables remain fixed. Conversely, in the Heisenberg picture, states are kept
fixed in time and observables evolve according to

F(t):=U@#)*FU(t) =etiHpe inH, (2.2.6)
Heisenberg observables satisfy Heisenberg’s equation of motion,

d i
W=7

which can be checked by plugging in the definition of F'(¢) and elementary formal manip-
ulations. It is no coincidence that this equation looks structurally similar to the analogous
equation in classical mechanics,

d
&f(t):{hvf(t)}a f(o):fa

where {f, g} =V, f - V49 — V,f - V,g is the Poisson bracket.
Density operators have to be evolved backwards in time, meaning that p(t) = U(t) pU (¢)*
satisfies

[H,F ()], F(0) =F, (2.2.7)

& o) = a0, p(0) = p.

11
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The equivalence of Schrodinger and Heisenberg picture is seen by comparing expectation
values: the cyclicity of the trace, Tr (AB) = Tr (BA), yields

E, ) (F) = Tr (p(t) F) = Tr (U(t) pU(t)* F)

= Tr (p Uty F U(t)) =Tr (pF(t)) = E,(F(t)).

As a last point, we mention the conservation of probability: if ¢ (¢) solves the Schrédinger
equation for some selfadjoint H, then we can check at least formally that the time evolu-
tion is unitary and thus preserves probability,

I? = %(w(t)7¢(t)> = (FHY(),0(t)) + (¥(t),  He(t))

- %((w(t),H*w(t» — <z/»(t)7Hw(t)>>
i

= (0, (1" = H)p(0) = 0.

d
<o

We see that the condition H* = H is the key here: selfadjoint operators generate unitary
evolution groups. As a matter of fact, there are cases when one wants to violate conserva-
tion of proability: one has to introduce so-called optical potentials which simulate particle
creation and annihilation.

The time evolution e # ¥ is not the only unitary group of interest, other commonly
used examples are translations in position or momentum which are generated by the mo-
mentum and position operator, respectively (the order is reversed!), as well as rotations
which are generated by the angular momentum operators.

2.2.4 Comparison to classical mechanics on R

We have juxtaposed the framework of classical and quantum mechanics in Table 2.2.1,
and we can elaborate on the differences and similarities of both theories. For instance,
observables form an algebra (a vector space with multiplication): in classical mechanics,

we use the pointwise product of functions,

1CP(R?") x CX(R*") — C¥(R*"), (f.g) = f g
(f ! g)(xap) = f(xap) g(xap)v
which is obviously commutative. We also admit complex-valued functions and add com-
plex conjugation as involution (i. e. f** = f). Lastly, we add the Poisson bracket to make

C>°(R2") into a so-called Poisson algebra. As we have seen, the notion of Poisson bracket
gives rise to dynamics as soon as we choose an energy function (hamiltonian).

12



2.2 The mathematical framework of quantum mechanics

Classical Quantum

Observables f € C=(R*™,R) selfadjoint operators acting on

Hilbert space H

Building block position z and momentum p position & and momentum p

observables operators

Possible results of im(f) o(F)

measurements

States probability measures p on density operators p on H
phase space R?"

Pure states points in phase space R*" wave functions ) € H

Generator of evolution hamiltonian function hamiltonian operator H
H:R™ —R

Infinitesimal time Lf(t)={H, f(t)} 4F(t) = i[H, F(t)]

evolution equation

Integrated time hamiltonian flow ¢, etinH Qe inH

evolution

Table 2.2.1: Comparison of classical and quantum framework

On the quantum side, bounded operators (see Chapter 4.1) form an algebra. This algebra
is non-commutative, i. e.

F-G#G-F

Exactly this is what makes quantum mechanics different. Taking adjoints is the involution
here and the commutator plays the role of the Poisson bracket. Again, once a hamilto-
nian (operator) is chosen, the dynamics of Heisenberg observables F'(t) is determined by
the commutator of the F'(¢) with the hamiltonian H. If an operator commutes with the
hamiltonian, it is a constant of motion. This is in analogy with classical mechanics where an
observable is a constant of motion if and only if its Poisson bracket with the hamiltonian
(function) vanishes.

2.2.5 Representations

Linear algebra distinguishes abstract linear maps H : X — ) and their representations
as matrices using a basis in initial and target space: any pair of bases {x,, }\_, and {y;, } 1,
of ¥ 2 CV and Y = C¥ induces a matrix representation h = (h,x) € Matc(N, K) of H
(called basis representation) via

K
k=1

13
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The basis now identifies coordinates on the vector spaces: © = Zf:’zl &n xy € X has the
coordinate ¢ = (¢1,...,&,) € CV, and similarly y = Zszl Nk yr € ) is expressed in
terms of the coordinate n € CX. Using these coordinates, the equation Hz = y becomes
the matrix equation h& = 7.

A change in basis can now be described in the same way: if {z],}}*, and {y; }/", are
two other orthonormal bases, then the coordinate representations of the maps

. /
Uggr + X — 2y,

Uyy’ Yk y;c

are unitary matrices u,,» € U(C") and u,,, € U(CK), and these matrices connect the
coordinate representations of H with respect to {z,, }2_,, {yx }H< | and {2}, }_,, {y} }H< |,

-1

/
h' = uyy hu_,.

., maps & onto &, h maps £ onto 7 and w,,, maps 7 onto 7’.

Similarly, we can represent operators on infinite-dimensional Hilbert spaces such as
L?(R9) in much the same way: for instance, consider the free Schrédinger operator H =
—34A, : D C L*(R}) — L*(RY). Then the Fourier transform F : L?(Rf) — L*(R)
is such a unitary which changes from one “coordinate system” to another, and the free
Schrodinger operator in this new representation becomes a simple multiplication opera-
tor

u

HY =FHF'=1¢

Because initial and target space are one and the same, F appears twice.
Another unitary is a rescaling which can be seen as a change of units: for A > 0 one
defines

(Urp) () = A7 p(Ax)

where the scaling factor \ relates the two scales. Similarly, other linear changes of the
underlying configuration space R? (e. g. rotations) induce a unitary operator on L?(R%).

One can exploit this freedom of representation to simplify a problem: Just like choosing
spherical coordinates for a problem with spherical symmetry, we can work in a repre-
sentation which simplifies the problem. For instance, the Fourier transform exploits the
translational symmetry of the free Schrédinger operator (H commutes with translations).
Another example would be to use an eigenbasis: assume H = H* > 0 as aset of eigenvec-
tors {4, }nen which span all of 1, i. e. the 1, are linearly independent and Hy,, = E,, 1,
where E,, € R is the eigenvalue. The eigenvalues are enumerated by magnitude and re-
peated according to their multiplicity, i.e. E; < F5 < ....Justlike inthe case of hermitian
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2.3 Magnetic fields

matrices, the eigenvectors to distinct eigenvalues of selfadjoint operators are trivial, and
hence, we can choose the {t,, },,cn to be orthonormal. Then the suitable unitary is

U:H— CN), v= 0(n)p, — v e 3(N)
n=1

where ¢ = (@Z( 1),%(2),.. .) is the sequence of coefficients and ¢?(N) is the prototypical
Hilbert space defined in Definition 3.1.2; moreover, the definition of orthonormal basis
(Definition 3.2.2) implies that Vs necessarily square summable.

In this representation, H can be seen as an “infinite diagonal matrix”

. Ei 0
H=Y E,P, —»H' =vHU'=|0 F2 0

n=1

where P, := (1, ) 9 are the rank-1 projections onto . Put another way, HY acts on
¥ € £2(N) as

HY4p = (B (1), B2 (2), ...

The simple structure of this operator allows one to compute the unitary evolution group
explicitly in terms of the projections P, ,

o0

_ijt _jt

e th: § e iz En Pﬂ’n'
n=1

Sadly, most Schrédinger operators H do not have a basis of eigenvectors.

2.3 Magnetic fields

Classically, there are two ways to include magnetic fields: either by minimal substitution
p — p— A(z) which involves the magnetic vector potential A or one modifies the symplec-
tic form to include the magnetic field B = V. x A. Note that the physical observable is the
magnetic field rather than the vector potential, because there are many vector potentials
which represent the same magnetic field. For instance, if A is a vector potential to the
magnetic field B = V, x A, then also A’ = A + V¢ is another vector potential to B,
because V, x V¢ = 0. The scalar function ¢ generates a gauge transformation.

In contrast, one always needs to choose a vector potential in quantum mechanics, and
the hamiltonian for a non-relativistic particle subjected to an external electromagnetic
field (E, B) = (=V,V, V. x A) is obtained by minimal substitution as well,

HA = (-iv, - A)2 + V. (2.3.1)

15



2 Paradigms of quantum mechanics

What happens if we choose an equivalent gauge A’ = A + V,¢? It turns out that H4 and
HA+V=? are unitarily equivalent operators, and the unitary which connects the two is e 1%,

oTid A o—i6 _ [A+V.0

Using the lingo of Chapter 2.2.5, e~i¢ is a unitary that connects two different representa-
tions. This has several very important ramifications. The spectrum o(H#), for instance,
only depends on the magnetic field B = V, x A because unitarily equivalent operators
necessarily have the same spectrum. Moreover, the gauge freedom is essential to solv-
ing problems, because some gauges are nicer to work with than others. One such condition is
V. - A = 0, known as Coulomb gauge.

2.4 Bosons vs. fermions

The extension of single-particle quantum mechanics to multi-particle quantum mechanics
is highly non-trivial. To simplify the presentation, let us focus on the case of two identical
particles moving in R?%. Two options are arise: either the compound wave function ¥ is
a function on RY, i. e. it acts like a density, or it is a function of R? x R? where each set
of coordinates x = (1, x2) is associated to one particle. It turns out that wave functions
depend on RV? where N is the number of particles.

However, that is not all, there is an added complication: classically, we can label iden-
tical particles by tracking their trajectory. This is impossible in the quantum framework,
because the uncertainty principle forbids any such tracking procedure. Given that the
probability density | ¥ (z1,z2) ]2 is a physical observable, the inability to distinguish par-
ticles implies

W (21,20)|* = |U(2a,21)]”

)

and hence, ¥(x1,79) = et W(xy,21). However, seeing as exchanging variables twice
must give the same wave function, the only two admissible phase factors are et = +1.

Particles for which ¥(z1,z2) = ¥(xg,21) holds are bosons (integer spin) while those
for which ¥ (z1,z2) = —U(x2, 1) are fermions (half-integer spin). Examples are bosonic
photons and fermionic electrons. This innocent looking fact has very, very strong con-
sequences on the physical and mathematical properties of quantum systems. The most
immediate implication is Pauli’s exclusion principle for fermions,

U(z,z) =0,

a fact that is colloquially summarized by saying that bosons are social (because they like
to bunch together) while sociophobic fermions tend to avoid one another.
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2.4 Bosons vs. fermions

To make this more rigorous, let us consider the splitting
L*(R? x RY) = L2(R? x RY) @ L2 (R? x RY)
into symmetric and antisymmetric part induced via f = f; + f,s where

fs(@1,22) := 3 (f(@1,22) + f(z2,21)),
fas(@1,29) = 5 (f (w1, 22) — f(wa,21)).

Then one can proceed and restrict the two-particle Schrodinger operator

H= Y (A +V(z)))

j=1,2

to either the bosonic space LZ(R? x R?). The kinetic energy — >_ =1, Qq; preserves the
(anti-)symmetry, e. g. in the antisymmetric (fermionic case) it defines a bounded linear

map

H: L2 ([R? x RY) N H?(R? x RY) — L2 (RY x RY).

17
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Chapter 3

Hilbert spaces

First, we take a closer mathematical look at the mathematical description of states. Stan-
dard courses on quantum mechanics often use Dirac’s “bra-ket” notation [Sak94, Chap-
ter 1.2] where states are “kets” |1)) that are elements of a complex (as opposed to real) Hilbert
space, and kets have a “dual” called “bras” (1)|. Many details such as the “dual correspon-
dence” |¢) > (1| between kets and bras is introduced in an ad-hoc manner. The ab-
breviation “bra(c)ket” (¢|¢) comes from the fact that one encloses common expressions
(scalar products, expectation values) in angular brackets. Bra-ket notation can by system-
atically transliterated to Hilbert space notation that is more common in mathematics and
sometimes also used theoretical physics.

Hence, in order to elucidate the connection between bras and kets with Hilbert spaces,
we will introduce Hilbert spaces in this chapter and study some of their basic properties.
Note that this is not intended to be a replacement for a lecture on functional analysis. For
amore in depth look on the subject, we refer to [RS72; Tes09; LLO1].

So let us start with the basic definition: A Hilbert space is a vector space over C with
inner product that is complete with respect to the induced norm.

Definition 3.0.1 (Pre-Hilbert space and Hilbert space) Apre-Hilbertspaceisacomplexvec-
tor space H with scalar product

(Y :HxH—C,
i. e. a mapping with properties
(D) {p,p) > 0and (p, @) = 0 implies ¢ = 0 (positive definiteness),
(i) (p,9) = (¥, ), and
(ii)) (p ot +x) = a{p,¥) + (e x)
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3 Hilbert spaces

forall p,v,x € H and o € C. This induces a natural norm ||¢|| := +/(¢p, ) and metric
d(p, ) = llo —¢|, g, € H. If H is complete with respect to the induced metric, it is a
Hilbert space.

Let us proceed and study some examples in more detail.

3.1 Prototypical Hilbert spaces: C", L?(R?) and (?*(Z9)

The simplest case of a Hilbert space is C" with scalar product

n
(z,w) := ZZU)]
j=1

Not all inner product spaces need to be complete: C([a, b], C) with scalar product

b
(f.g) = / d F(2) ()

is just a pre-Hilbert space, since it is not complete: L2-limits of continuous functions need
not be continuous.
Instead the space of square integrable functions on R¢

L3(RY) = {(p ‘R — C ]  measurable, / dz |p(a))” < oo},
R4

which appears when talking about wave functions on R is well-defined for functions that
are just measurable. The Born rule states that |1 (x)|” is to be interpreted as a probability
density on R for position. Hence, we are interested in solutions to the Schrédinger equa-
tion which are also square integrable with respect to the Lebesgue measure [LL01, p. 6 ff.].
L£2(R4) is a C-vector space, but

loll? = / dz |o()?
R4

does not define a norm: there are functions ¢ # 0 for which ||| = 0. Instead, ||¢|| = 0
only ensures

©(x) = 0 almost everywhere (with respect to the Lebesgue measure dz).

Almost everywhere is sometimes abbreviated with a. e. and the terms “almost surely”
and “for almost all z € R?” can be used synonymously. If we introduce the equivalence
relation

p~ e flo -y =0,

then we can define the vector space L2(R%):
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3.2 Orthonormal bases and orthogonal subspaces

Definition 3.1.1 (L?(R?)) We define L*(R%) as
LXRY)/ ~
where ~ is the equivalence relation that identifies p and ¢ if || — ¥|| = 0.

If o1 ~ @y are two normalized functions in £2(R?), then we get the same probabilities for
both: if A C R? is a measurable set, then

Py(X € A) = /dr o1 (@ /dx o ()| = Pa(X € A).

This is proven via the triangle inequality and the Cauchy-Schwartz inequality (we will
prove the latter in the next chapter):

0< [Py (X € A) ~ By(X € )] = \/dx fer(@) = [ d foata)?]

/daz o1(z /dxsoz (p1(z) — pa(= ))‘

< /Adx l01(2) — 2()] |1 (2)| — /Adx l02(2)] |1 (&) — a(@)]

< lor — 2| lleill + gzl lor — 2l =0

Very often, another space is used in applications (e. g. in tight-binding models):

Definition 3.1.2 (¢2(S)) Let S be a countable set. Then
2(S) = {c 1S —C| > jesCic < oo}
is the space of square-summable sequences.

On ¢%(S) the scalar product {(c,¢’) := >
respect to this norm, ¢2(S) is complete.

cj ¢ induces the norm |[c|| := \/(c, ). With

jes

3.2 Orthonormal bases and orthogonal subspaces

Hilbert spaces have the important notion of orthonormal vectors and sequences which do
not exist in Banach spaces.

Definition 3.2.1 (Orthonormal set) LetZ be acountable index set. A family of vectors { oy } ez
is called orthonormal set if forall k, j € T

(ks Pj) = Onj
holds.
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3 Hilbert spaces

As we will see, all vectors in a separable Hilbert spaces can be written in terms of a count-
able orthonormal basis. Especially when we want to approximate elements in a Hilbert
space by elements in a proper closed subspace, the vector of best approximation can be
written as a linear combination of basis vectors.

Definition 3.2.2 (Orthonormal basis) Let T be a countable index set. An orthonormal set of
vectors {¢r, } ke is called orthonormal basis if and only if for all 1 € H, we have

= (or: ) Pr-

kel

If T is countably infinite, 7 = N, then this means the sequence v,, := 2?21 (@j, V) @; of partial
converges in norm to ),

=0

Jim [y = 527405, 9) 05

With this general notion of orthogonality, we have a Pythagorean theorem:

Theorem 3.2.3 (Pythagoras) Given a finite orthonormal family {1, . . ., p, } in a pre-Hilbert
space H and v € H, we have

el = S [0 o) + [l — Sy (on @) en)

Proof It is easy to check that ¢ := >"1_ (pk, @) pr and ¥ := o — S ¢k, ¢) ¢y, are
orthogonal and ¢ = 1) + 1. Hence, we obtain

lell® = (0, 0) = (@ + 9t + by = (¥, 9) + (Pt ot
= |0 ek ) o||” + [l = S (ors o) on ||

This concludes the proof. 0

A simple corollary are Bessel’s inequality and the Cauchy-Schwarz inequality.
Theorem 3.2.4 Let H be a pre-Hilbert space.

(i) Bessel’s inequality holds: let {1, ..y, } be a finite orthonormal sequence. Then
19117 =D ez, )
=1

holds for all t) € H.
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3.2 Orthonormal bases and orthogonal subspaces

(ii) The Cauchy-Schwarz inequality holds, i. e.

e, o) < llellllell
is valid for all p, 1) € H

Proof (i) This follows trivially from the previous Theorem as ||¢)*|? > 0.

(ii) Pick p,v € H. In case ¢ = 0, the inequality holds. So assume ¢ # 0 and define

¥

L=
el

which has norm 1. We can apply (i) for n = 1 to conclude

1
[6]° > (1, ) = o (o, )2

This is equivalent to the Cauchy-Schwarz inequality. O

An important corollary says that the scalar product is continuous with respect to the norm
topology. This is not at all surprising, after all the norm is induced by the scalar product!

Corollary 3.2.5 Let H be a Hilbert space. Then the scalar product is continuous with respect

to the norm topology, i. e. for two sequences (©p,)nen and (Ym )men that converge to ¢ and 1,
respectively, we have

lim  (0n, ¥m) = (@, ).

n,m—oo

Proof Let (p,,)nen and (¢, )men be two sequences in H that converge to ¢ and 1), respec-
tively. Then by Cauchy-Schwarz, we have

o [0 = Gontom)| = Jim_ |G = o0 ) = (onstom = 9]
< dim_ [ —n )|+ lim [(on, Ym = ¥)]

n,m— oo

< i — : _ _
< dim lle = enll 191+ lim_llen]| [¢m =3[l =0
since there exists some C' > 0 such that ||¢,|| < C foralln € N. O

Definition 3.2.6 (Separable Hilbert space) A Hilbert space H is called separable if there ex-
ists a countable dense subset.
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3 Hilbert spaces

Before we prove that a Hilbert space is separable exactly if it admits a countable basis, we
need to introduce the notion of orthogonal complement: if A is a subset of a pre-Hilbert
space H, then we define

At ={pe M| {p,) =0V e A}.

The following few properties of the orthogonal complement follow immediately from its
definition:

(i) {0}t =H and H' = {0}.
(ii) At isa closed linear subspace of H for any subset A C H.
(iii) If A C B, then B+ C A+,

(iv) If we denote the sub vector space spanned by the elements in A by span A, we have
At = (span A) T = (span A) +
where span A is the completion of span A with respect to the norm topology.

If (H, d) is a metric space, we can define the distance between a point ¢ € H and a subset
ACHas

d(p, A) := wlrelg d(p, ).

If there exists ¢y € A which minimizes the distance, i. e. d(¢, A) = d(p, o), then ¢y is
called element of best approximation for ¢ in A. This notion is helpful to understand why
and how elements in an infinite-dimensional Hilbert space can be approximated by finite
linear combinations - something that is used in numerics all the time.

If A C H is a convex subset of a Hilbert space 7, then one can show that there always
exists an element of best approximation. In case A is a linear subspace of H, it is given by
projecting an arbitrary ¢ € H down to the subspace A.

Theorem 3.2.7 Let A be a closed convex subset of a Hilbert space H. Then there exists for each
@ € H exactly one py € A such that

d(p, A) = d(p, o).

Proof We choose a sequence (¢, )nen in A with d(p,¥,) = || — ¥n|l = d(p, A). This
sequence is also a Cauchy sequence: we add and subtract ¢ to get

||wn - wm||2 = ||(1/)n - SD) + (90 - z/}m)H2
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3.2 Orthonormal bases and orthogonal subspaces

If H were a normed space, we could have to use the triangle inequality to estimate the
right-hand side from above. However, H is a Hilbert space and by using the parallelogram
identity,! we see that the right-hand side is actually equal to

[ = woml|” = 2llt6n = I* + 2l = ¢II” = [[ton + Y — 2]
= 2[ton — @]+ 2/[tom — @] — 4| E Wn + ) — ||
<2)[n — @ + 2w — ¢|” — 4d(p, )
D0 2d(p, A) + 2d(p, A) — 4d(p, A) = 0.

By convexity, 3 (¢, + %) is again an element of A. This is crucial once again for the
uniqueness argument. Letting n,m — oo, we see that (¢, )nen is a Cauchy sequence in
A which converges in A as it is a closed subset of H. Let us call the limit point ¢ :=
lim,,_, ¥,. Then ¢ is an element of best approximation,
le = ol | = lim [0 —vn|| = d(g, A).

To show uniqueness, we assume that there exists another element of best approximation
¢y € A. Define the sequence (@n)neN by Yan 1= q for even indices and '(/;Qn_;'_l = )
for odd indices. By assumption, we have ||o — ¢l = d(p, A) = || — ¢, | and thus, by
repeating the steps above, we conclude (Jjn)neN is a Cauchy sequence that converges to
some element. However, since the sequence is alternating, the two elements ¢}, = g are
in fact identical. O

As we have seen, the condition that the set is convex and closed is crucial in the proof.
Otherwise the minimizer may not be unique or even contained in the set.

Corollary 3.2.8 Let F be a closed subvector space of the Hilbert space H. Then for any ¢ € H,
there exists ¢y € E such that d(p, E) = d(p, ¢o).

This is all very abstract. For the case of a closed subvector space E C H, we can express
the element of best approximation in terms of the basis: not surprisingly, it is given by
the projection of ¢ onto E.

Theorem 3.2.9 Let E C H be a closed subspace of a Hilbert space that is spanned by countably
many orthonormal basis vectors { py. } kez. Then for any ¢ € H, the element of best approximation
o € FE is given by

0o =Y (K 0) Pk

kel
"For all ¢, ) € H, the identity 2 ¢]|* + 2[[3[|* = [l + %[|* + [l — ||* holds.
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3 Hilbert spaces

Proof It is easy to show that ¢ — ¢ is orthogonal to any ¢ = >, - \x or € E: we focus
on the more difficult case when E is not finite dimensional: then, we have to approximate

o and 1) by finite linear combinations and take limits. We call @8") =Y n1(Prs ) Pk
and (™) := 37" | \; ;. With that, we have

(o=, 0 (m)>:<¢*22’:l<¢w>‘%za 1 J%>

m

:Z)\j <g0,(,0j>_zz)\1 SOkv @ka@j)
j=1 k=1j=1

m

= Z Aj (s, 05) (1 — > =1 5k~j)-

By continuity of the scalar product, Corollary 3.2.5, we can take the limit n, m — oc. The
term in parentheses containing the sum is 0 exactly when j € {1,...,m} and 1 otherwise.
Specifically, if n > m, the right-hand side vanishes identically. Hence, we have

(e=wov) = lim (p—f”,4™) =0,
in other words ¢ — g € E*. This, in turn, implies by the Pythagorean theorem that

lle = 91I* = Il = @oll* + llpo = 91* = llp — ol

and hence || — @o|| = d(¢, E). Put another way, ¢ is an element of best approximation.
Let us now show uniqueness. Assume, there exists another element of best approximation

0 = 2_rez Mk k- Then we know by repeating the previous calculation backwards that
¢ — b € B+ and the scalar product with respect to any of the basis vectors ;, which
span E has to vanish,

O:<90k'790_%00 @k) ZA gpkagpj - ‘Pk) ZA 6k_j
JjET JET

= (pr, p) — A

This means the coefficients with respect to the basis {) }xcz all agree with those of ¢g.
Hence, the element of approximation is unique, ¢g = ¢}, and given by the projection of
@ onto L. a

Theorem 3.2.10 Let E be a closed linear subspace of a Hilbert space H. Then

(i) H = E® E1, i e. every vector ¢ € H can be uniquely decomposed as p = 1 + 1 with
¥ € B¢t e EL.
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3.2 Orthonormal bases and orthogonal subspaces

(i) E++ =E.

Proof (i) By Theorem 3.2.7, for each ¢ € H, there exists ¢y € E such that d(p, E) =
d(ip, o). From the proof of the previous theorem, we see that ¢ := ¢ — ¢y € E+.
Hence, ¢ = ¢o + ¢ is a decomposition of . To show that it is unique, assume
vy + <,06l = p = g + g is another decomposition. Then by subtracting, we are
led to conclude that

E3¢h—po=9f — oy € B

holds. On the other hand, E N E+ = {0} and thus ¢y = ¢}, and o = ¢},*, the
decomposition is unique.

(ii) It is easy to see that E C E++. Let $ € E+~+. By the same arguments as above, we
can decompose @ € E++ C #H into

& =¢0+ G
with 3o € E C E1+ and 3 € E+. Hence, p — ¢p € Bt NEL = (EHtnEL =
{0} and thus ¢ = ¢y € E. O

Now we are in a position to prove the following important Proposition:

Proposition 3.2.11 A Hilbert space H is separable if and only if there exists a countable orthonor-
mal basis.

Proof <: The set generated by the orthonormal basis {¢;};cz, Z countable, and coeffi-
cients z = ¢ + ip, q,p € Q, is dense in H,

{Z?:1Zj90,j €eH|N3n<|Z|, ¢; € {er}ren, 2 = ¢ +ipj, 45,05 € Q}-

=: Assume there exists a countable dense subset D, i.e. D = H. If H is finite dimensional,
the induction terminates after finitely many steps and the proof is simpler. Hence, we will
assume 7 to be infinite dimensional. Pick a vector 1 € D \ {0} and normalize it. The
normalized vector is then called ¢;. Note that ¢; need not be in D. By Theorem 3.2.10, we
cansplitany 1) € Dinto; and 1 suchthati), € span{p;} := E1,¥i € span{p1}+ =
Ei and

W =1 + ot
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3 Hilbert spaces

pick asecond g5 € D\ E; (which is non-empty). Now we apply Theorem 3.2.9 (which is in
essence Gram-Schmidt orthonormalization) to @, i. e. we pick the part which is orthogo-
nal to o1,

@y := Pa — (p1,P2) P2
and normalize to ¢,

/

P2
Y2 = .
15
This defines F5 := span {1, g2} and H = E; @ Ey.
Now we proceed by induction: assume we are given F,, = span{¢1,...,p,}. Take

Pn+1 € D\ E, and apply Gram-Schmidt once again to yield ¢, 1 which is the obtained
from normalizing the vector

Pl = Pl — Z<<Pk, Pn+1) Pk-
k=1
This induction yields an orthonormal sequence {¢,, }»cn which is by definition an or-
thonormal basis of E, := span{¢, }necn a closed subspace of H. If E., C H, we can
split the Hilbert space into H = E,, ® EL. Then either D N (H \ Ex) = 0 - in which
case D cannot be dense in H -or DN (H \ E,) # 0. But then we have terminated the
induction prematurely. 0

3.3 Direct sums () and tensor products (®) of Hilbert
spaces

There are several ways to split Hilbert spaces: in direct sums and direct products. With
the same techniques, we can construct new ones from existing Hilbert spaces. In Theo-
rem 3.2.10, we have shown that if F is a closed subspace, then H decomposes into a direct
sum

H=EaoE".

That means any vector ¢ = ¢ + 1, € H can be uniquely decomposed into ¢ € E and
Yt € Et. We now define the direct sum of two Hilbert spaces:

Definition 3.3.1 (Direct sum @) Let H; and H, be Hilbert spaces with scalar products (-, )1
and (-, -)o. Then we define H1 @ Ho as the carteisan product H1 X Ha of vector spaces endowed
with the structure of a vector space in the following way: for any o = (1, ¢2), % = (¥1,19) €
Hy x Haand o € C, we define
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3.3 Direct sums () and tensor products (®) of Hilbert spaces

(i) addition component-wise, ¢ + 1 = (1, p2) + (V1,¥2) = (@1 + V1, P2 + ¥2),
(ii) scalar multiplication component-wise, ap = (1, p2) := (a1, aps),

(iti) and the scalar product on H, & H, is the sum of the two scalar products,
<SD7 w> = <g01a 1p].>1 + <(p2> 1/)2>2-

Proposition 3.3.2 The direct sum H1 @ Hs of two Hilbert spaces is a Hilbert space.

Proof One immediately checks that H; & H, is a vector space. Completeness also fol-
lows from the completeness of the components: let {((™ },,cx be a Cauchy sequence with
respect to the norm induced by (-, -). Writing out the definition, it is clear that this also
means each component {<p§") tnen, j = 1,2,1is a Cauchy sequence in H; which converges
to some ; € H,;. Hence, (™ — (1, 2) asn — oc. O

The other way to construct new Hibert spaces is taking tensor products: if 1 € H; and
o € Ho are two vectors from two vector spaces, we can characterize p1 ® o, the tensor
product of ¢; and ¢5, by the following defining properties: for any ¢1,v; € H; and
w2, %2 € Ha

01 ® (2 +12) = 1 @ Y2 + Y1 @ P
(1 + 1) ® P2 = 01 @ P2 + Y1 @ P2

holds. Scalars can be pushed back and forth between factors,

a(p1 ® p2) = (ap1) @ pa = 1 @ (aps).

The formal definition is a lot more complicated: one has to construct a big space where
vectors such as (ap1) ® g2 and 1 ® (agps) are distinct and then use equivalence rela-
tions to implement the above characteristics. The constructed space is defined only up to
isomorphism.

Definition 3.3.3 (Tensor product ®) Let H1 and H. be two Hilbert spaces with scalar prod-
ucts (-, -)1 and (-, -)2. Then the tensor product H1 ®H. is defined as the completion of the algebraic
tensor product

Hi O Ha = {Zz:l/\k@uc ® 2k | nEN, @11 € Hi, por € Ha, A €CVI <k < ﬂ}

with respect to the norm induced by the scalar product

(p1® @2, Y1 @ 1ha) == (p1,91)1 (P2,%2)2, V1,91 € Hi, p2,¢2 € Ha.
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3 Hilbert spaces

If {¢1k}rez, and {2} ez, are orthonormal bases of two separable Hilbert spaces #;
and Hs, respectively, then

{14 ®<P2j}kezl,j612

is an orthonormal basis in H; ® Ho, i. e. every vector ¥ € H; ® Ho can be written as

Z<¢1k®@2j7qj>@lk®§02j-

keZy
JEL,

Example (i) A non-relativistic spin-1/2 particle lives in the Hilbert space L?(R¢, C2).
An easy, but very helpful exercise is to show the following equivalence (which cor-
respond to different physical points of views):

L*(RY,C?) = L*(RY) @ L*(RY) = L*(RY) ® C?

Depending on the physical situation, these identification may be very helpful in solv-
ing a problem.

(ii) Consider L?(R?)® L?(R?). This is the Hilbert space of two particles. If they are iden-
tical, we have to restrict ourselves to the symmetric and antisymmetric subspace,
depending on whether the particle in question is a boson or a fermion. Keep in mind
that in general, elements ¥ € L?(R?) ® L?(R?) cannot be written as the product of
two wave functions ¢, g2 € L?(R?),

U # o1 ® 2.

We will show in an exercise that L?(R?) @ L?(R?) = L2(R? x R?).

3.4 Linear functionals, dual space and weak convergence

The two main points of this section is to properly introduce the notion of linear function-
als and show the connection between functionals and the bra-ket notation introduced by
Dirac [Dir30]. “Kets” |¢)) are elements of the Hilbert space H while “bras” (| are in the
dual H*. We will explain this in more detail below.

Definition 3.4.1 (Bounded linear functional) Let X’ be a normed space. Then a map
L:x —C

is a bounded linear functional if and only if
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3.4 Linear functionals, dual space and weak convergence

(i) there exists C > 0 such that |L(z)| < C||z|| and
(i) L(z + py) = L(z) + nL(y)
hold forall x,y € X and 11 € C.
A very basic fact is that boundedness of a linear functional is equivalent to its continuity.

Theorem 3.4.2 Let L : X — C be a linear functional on the normed space X. Then the
following statements are equivalent:

(i) L is continuous at o € X.
(ii) L is continuous.
(iii) L is bounded.
Proof (i) < (ii): This follows immediately from the linearity.

(ii) = (iii): Assume L to be continuous. Then it is continuous at 0 and for ¢ = 1, we can
pick 6 > 0 such that

L) <e=1
for all z € X with ||z|| < 4. By linearity, this implies for any y € X \ {0} that

IL(or9)| = o7 ILw)| < 1.

ly

Hence, L is bounded with bound /s,
ILy)| < 5 llyl-
(iii) = (ii): Conversely, if L is bounded by C' > 0,
|L(z) = L(y)| < Cllz —yll,
holds for all 2,y € X. This means, L is continuous: for ¢ > 0 pick é = ¢/c so that
|L(z) = L(y)| <Cllz -yl <CE =«
holds for all z,y € X such that ||z — y|| < ¢/c. 0

Definition 3.4.3 (Dual space) Let X be a normed space. The dual space X* is the vector space
of bounded linear functionals endowed with the norm

L(x
izl = sup EOL - g 1n))
zex\{0} [Eal TEX
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3 Hilbert spaces

Independently of whether X is complete, X'* is a Banach space.
Proposition 3.4.4 The dual space to a normed linear space X is a Banach space.

Proof Let (L, ),cn be a Cauchy sequence in X'*, i. e. a sequence for which

k,j—o0

|Lx — Lj|l, =—— 0.

We have to show that (L,,),en converges to some L € X*. For any ¢ > 0, there exists
N(e) € N such that

Lk — Lyl <e

forall k, j > N(e). This also implies that for any z € X, (L, (z)) converges as well,

neN
|Li(z) = Lj(2)| < [|Lx = Ly, llzll <ellz].

The field of complex numbers is complete and (L,, (x))n ¢ converges to some L(z) € C.
We now define

L(z) := lim L,(x)

n—oo

forany x € X. Clearly, L inherits the linearity of the (L,,),,cn. The map L is also bounded:
for any ¢ > 0, there exists N(¢) € Nsuch that |[L; — L,||, < eforall j,n > N(¢). Then

[(L = Ly)(x)| = lim [(L; = Ly)(2)| < lim ||L; — Ly|], |||
j—oo j—oo
<e|=|

holds for all n > N(¢). Since we can write L as L = L,, + (L — L,,), we can estimate the
norm of the linear map L by || L||. < ||Ln||« + & < oo. This means L is a bounded linear
functional on X. O

In case of Hilbert spaces, the dual H* can be canonically identified with H itself:

Theorem 3.4.5 (Riesz’ Lemma) Let H be a Hilbert space. Then for all L € H* there exist
¥y, € H such that

L(p) = (YL, ).
In particular, we have ||L||, = ||¢ L.

Riesz’ Lemma justifies the bra-ket notation of physics: to translate between physics and
math notation, let us consider a “ket” |+)) which is an element in a Hilbert space . Math-
ematicians would write ¢ € H. The associated “bra” (1| is functional on H, meaning that
if a bra ()| and a ket |p) meet, (|p) € C, one obtains a complex number. Put another
way, (1| is just the functional L (¢) = (¢, ¢).
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3.4 Linear functionals, dual space and weak convergence

Proof Letker L := {¢ € H | L(yp) = 0} be the kernel of the functional L and as such is
a closed linear subspace of H. If ker L = H, then 0 € H is the associated vector,

L(p) =0=(0,9).

So assume ker L C H is a proper subspace. Then we can split % = ker L @ (ker L)*. Pick
wo € (ker L)*,i. e. L(¢g) # 0. Then define

L(go)
H2 ©o-

Y =
[0

We will show that L(y) = (1, ¢). If ¢ € ker L, then L(¢) = 0 = (¢1, ). One easily
shows that for ¢ = a g, a € C,

L(p) = L(apo) = a L(go)
=YL, ) = <ﬁ§,fﬁ3 900,04<P0>

—aLen) L2 — a L)

Every ¢ € H can be written as
L(p) > L(p)
= _—_— + _ 7
7 (@ Lieo) ") " Lpo) ™

Then the first term is in the kernel of L while the second one is in the orthogonal com-
plement of ker L. Hence, L(¢) = (¢, ¢) for all ¢ € H. If there exists a second ¢} € H,
then for any p € H

0=L(p) — L(p) = (Y1, 9) — (¥L,0) = (Y1 — ¥, ).

This implies ¢, = 11, and thus the element ¢, is unique.
To show ||L||. = ||¢'L ]|, assume L # 0. Then, we have

21 = sup [Le)| > |2 ()|

— (Yr, 7220) = -
On the other hand, the Cauchy-Schwarz inequality yields

IL]l, = sup |L(¢)| = Sup1|<¢L,<P>|

llell=1 llell=
< sup [[9rlllell = [lLll- 0
llell=1
Putting these two together, we conclude ||L||. = ||¢ || 2014.09.26
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3 Hilbert spaces

Remark 3.4.6 The bidual of a Hilbert space H** can be canonically identified with # it-
self, i. e. Hilbert spaces are reflexive.

Definition 3.4.7 (Weak convergence) Let X be a Banach space. Then a sequence (., )nen in
X is said to converge weakly to x € X if forall L € X*

n— oo

L(z,) —— L(x)
holds. In this case, one also writes x,, — .

Weak convergence, as the name suggests, is really weaker than convergence in norm. The
reason why “more” sequences converge is that, a sense, uniformity is lost. If X’ is a Hilbert
space, then applying a functional is the same as computing the inner product with respect
to some vector 1. If the “non-convergent part” lies in the orthogonal complement to
{% 1.}, then this particular functional does not notice that the sequence has not converged
yet.

The distinction between weak and ordinary convergence can become important when
doing numerics: very often only expectation values (p,,, Ap, ) converge as n — oo while

Un 7 Vs

Example Let # be a separable infinite-dimensional Hilbert space and {,, } ,en an ortho-
normal basis. Then the sequence (,,)en does not converge in norm, for as long as n # k

len — oxll = V2,

but it does converge weakly to 0: for any functional L = (1, -), we see that (|L(5)|)
is a sequence in R that converges to 0. Since {¢,, } e is a basis, we can write

neN

oo

YL =Y (pn 1) Pn

n=1

and for the sequence of partial sums to converge to 1, the sequence of coefficients

((ens¥r)) pen = (L(#n)) hen

must converge to 0. Since this is true for any L € H*, we have proven that p,, — 0
(i. e. o, — 0 weakly).

3.5 Important facts on L”(R?)

For future reference, we collect a few facts on L?(R?) spaces. In particular, we will make
use of dominated convergence frequently. We will give them without proof, they can be
found in standard text books on analysis, see e. g. [LL01].
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3.5 Important facts on LP(R?)

Definition 3.5.1 (LP(R%)) Let 1 < p < co. Then we define
LP(RY) = {f : R — C | f measurable, / dr |f(2)|F < oo}
]Rd

as the vector space of functions whose pth power is integrable. Then LP (R?) is the vector space
LP(RY) := LP(RY)/ ~

consisting of equivalence classes of functions that agree almost everywhere. With the p norm
p
111, = ( [ e 1)
Rd

In case p = oo, we have to modify the definition a little bit.

it forms a normed space.

Definition 3.5.2 (L°°(R%)) We define
L2 (RY) := {f ‘R — C | f measurable, 30 < K < oo : | f(z)| < K almost everywhere}

to be the space of functions that are bounded almost everywhere and

[ f]lo :=ess sup | f(z)| :=inf{K >0 ||f(z)| < K for almost all z € R?}.
zER

Then the space L™= (R?) := L>(R?)/ ~ is defined as the vector space of equivalence classes
where two functions are identified if they agree almost everywhere.

Theorem 3.5.3 (Riesz-Fischer) Forany 1 < p < oo, LP(RY) is complete with respect to the
[|[|,, norm and thus a Banach space. If p = 2, L?(R9) is also a Hilbert space with scalar product

)= [ drF@gta)

Theorem 3.5.4 Forany 1 < p < oo, the Banach space LP (R?) is separable.

Proof We refer to [LLO1, Lemma 2.17] for an explicit construction. The idea is to approx-
imate arbitrary functions by functions which are constant on cubes and take only values
in the rational complex numbers. O

Theorem 3.5.5 (Monotone Convergence) Let ( fi)ren be a sequence of non-decreasing func-
tions in L*(R%) with pointwise limit f defined almost everywhere. Define I}, := [, dx fi(z);
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3 Hilbert spaces

then the sequence (I},) is non-decreasing as well. If I := lim,_, o I}, < oo, thenl = [, dz f(z),
ie.

lim [ do fula) = [ do lim fils) - /R dr (@)

k—oo JRrd

holds.

Theorem 3.5.6 (Dominated Convergence) Let (fi)ren be asequence of functionsin L' (R?)
that converges almost everywhere pointwise to some f : R? — C. If there exists a non-negative
g € L*(RY) such that | f,(x)| < g(z) holds almost everywhere for all k € N, then g also bounds
|fl,i.e|f(z)| < g(z) almost everywhere, and f € L'(R?). Furthermore, the limit k — oo and
integration with respect to x commute and we have

lim dz fr.(z) = dx klim fr(z) = dz f(z).
Rd xde el R4

k—oco Rd

In case of LP(R?), there are three basic mechanisms for when a sequence of functions
(fx)en does not converge in norm, but only weakly:

(i) fx oscillates to death: take f.(z) = sin(kx) for 0 < x < 1 and zero otherwise.

(ii) fy goes up the spout: pick g € LP(R) and define f;(z) := k"/? g(kz). This sequence
explodes near z = 0 for large k.

(iii) f% wanders off to infinity: this is the case when for some g € L?(R), we define fi(z) :=
g(x + k).

All of these sequences converge weakly to 0, but do not converge in norm.
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Chapter 4

Bounded linear operators

The previous chapter concerned itself with what states are, now we shift our attention
to observables. Observables are selfadjoint operators which are a special case of linear
operators. While most physically relevant observables are unbounded operators, we post-
pone the technical complications associated to the unboundedness and try to understand
bounded operators first.

4.1 Bounded operators

The simplest operators are bounded operators.

Definition 4.1.1 (Bounded operator) Let X and ) be normed spaces. A linear operator T' :
X — Vs called bounded if there exists M > 0 with || Tz||y, < M ||z| ,, forallz € X.

Just as in the case of linear functionals, we have

Theorem 4.1.2 Let T : X — Y be a linear operator between two normed spaces X and .
Then the following statements are equivalent:

(i) T is continuous at xy € X.
(ii) T is continuous.
(iii) T is bounded.
Proof We leave it to the reader to modify the proof of Theorem 3.4.2. O

We can introduce a norm on the operators which leads to a natural notion of convergence:

37



4 Bounded linear operators

Definition 4.1.3 (Operator norm) Let T : X — Y be a bounded linear operator between
normed spaces. Then we define the operator norm of T' as

[T := sup [Tz,
rcX
lzli=1
The space of all bounded linear operators between X and Y is denoted by B(X, V).

One can show that ||T'|| coincides with
inf{M > 0| |Tally < M|zl V€ X} = |T]].

The product of two bounded operators T' € B(), Z) and S € B(X,)) is again a bounded
operator and its norm can be estimated from above by

IS < TSI -

If Y = X = Z, this implies that the product is jointly continuous with respect to the norm
topology on X.

The set of bounded operators naturally forms a normed vector space: Let T, S be bounded
linear operators between the normed spaces X’ and ). If we define

(T+ S)x:=Tx+ Sz
as addition and
(A . T)x =Tz
as scalar multiplication, the set of bounded linear operators forms a vector space.

Proposition 4.1.4 Thevectorspace B(X,)) of bounded linear operators between normed spaces
X and Y with operator norm forms a normed space. If ) is complete, B(X', ) is a Banach space.

Proof The fact B(X,)) is a normed vector space follows directly from the definition.
To show that B(X,)) is a Banach space whenever ) is, one has to modify the proof of
Theorem 3.4.4 to suit the current setting. This is left as an exercise. O

Very often, it is easy to define an operator T on a “nice” dense subset D C X. Then the
next theorem tells us that if the operator is bounded, there is a unique bounded extension
of the operator to the whole space X. For instance, this allows us to instantly extend the
Fourier transform from Schwartz functions to L?(R?) functions [Lei10, Proposition 5.1.9].

Theorem 4.1.5 Let D C X be a dense subset of a normed space and ) be a Banach space. Fur-
thermore, let T : D — ) be a bounded linear operator. Then there exists a unique bounded
linear extension T : X — YV and ||T|| = ||T|| .
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4.1 Bounded operators

Proof We construct T explicitly: let z € X be arbitrary. Since D is dense in X, there
exists a sequence (x,, )necn in D which converges to . Then we set

Tz := lim Tz,.
n— oo

First of all, T is linear. It is also well-defined: (Tzp)nen is a Cauchy sequence in Y,

[T — Tagl|, < T 20 — zilx =25 0,

where the norm of T is defined as

HTgC”y

zeD\{0} ||33HX '

1Tl =

This Cauchy sequence in ) converges to some unique y € ) as the target space is com-
plete. Let (2},)nen be a second sequence in D that converges to = and assume the sequence
(T'z),)nen converges to some y' € ). We define a third sequence (z;, ),en Which alternates
between elements of the first sequence (z,),cn and the second sequence (27, ), cn, i. €.

2n—1 = Tn

o— 7 /
Zon = Ty,

for alln € N. Then (2;,),en also converges to z and (7', ) forms a Cauchy sequence that
converges to, say, ¢ € ). Subsequences of convergent sequences are also convergent and
they must converge to the same limit point. Hence, we conclude that

(= lim Tz, = lim Tz, = lim Tz, =y
n—oQ n—oo n—oo
= lim Tz, 1= lim T2, =9
n—oo n—oo
holds and Tz does not depend on the particular choice of sequence which approximates
x in D. It remains to show that ||T|| = || 7| p: we can calculate the norm of 7" on the dense
subset D and use that T'|p = T to obtain

= ~ | T | T
|T|| = sup |[Tz||= sup =
”wﬁi\f'l zex\{0} [Eal zeD\{0} [l]]
]
p . O
z€D\{0} B4l

Hence, the norm of the extension T is equal to the norm of the original operator 7.
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4 Bounded linear operators

The spectrum of an operator has been related to the set of possible outcomes of measure-
ments (if the operator is selfadjoint).

Definition 4.1.6 (Spectrum) Let T' € B(X) be a bounded linear operator on a Banach space
X. We define:

(i) Theresolvent of T'is the set p(T) := {z € C | T — z is bijective}.
(ii) The spectrum o(T) := C\ p(T) is the complement of p(T') in C.
(iii) The set of all eigenvalues is called point spectrum

op(T) := {z € C| T — zis not injective}.

(iv) The continuous spectrum is defined as

Ocont(T) := {z € C| T — zis injective, im (T' — z) C X dense}.

(v) The remainder of the spectrum is called residual spectrum,

oy := {2 € C| T — zisinjective, im (T — z) C X not dense }

One can show that for all z € p(T), the map (T — 2)~! is a bounded operator (this is
a non-trivial fact and follows from the Open Mapping Theorem [RS72, Theorem II1.10])
and the spectrum is a closed subset of C. Moreover, o(T) is compact and contained in
{zeC]| || <|T|} cC.

4.2 Adjoint operator

If X is a normed space, then we have defined X'*, the space of bounded linear functionals
onX.IfT : ¥ — Yisabounded linear operator between two normed spaces, it naturally
defines the adjoint operator T' : Y* — X* via

(T'L)(z) := L(Tx) (4.2.1)

forallz € X and L € Y*. In case of Hilbert spaces, one can associate the Hilbert space
adjoint. We will almost exclusively work with the latter and thus drop “Hilbert space”
most of the time.

Definition 4.2.1 (Hilbert space adjoint) Let# be a Hilbert spaceand T' € B(H) be abounded
linear operator on H. The antilinear isomorphism C : H — H* taken from Theorem 3.4.5 maps
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4.2 Adjoint operator

functionals on H onto the corresponding vectors, i. e. C) := (1, -) = L. Then the Hilbert space
adjoint is defined as

T*:=C'T'C,
or put differently
(T"0,¥) == (o, TY)
forall p, 1 € H.

Proposition 4.2.2 Let A, B € B(H) be two bounded linear operators on a Hilbert space H and
a € C. Then, we have:

() (A+ B)* = A* + B*
(i) (aA)* = A*
(iii) (AB)* = B*A*
(iv) || A" = [|A]l
v) A** = A
(i) |A*A| = | AA*| = || A)?
(vii) ker A = (ran A*)*, ker A*

(ran A)*+

Proof Properties (i)-(iii) follow directly from the defintion.
To show (iv), we note that || A|| < || A*|| follows from

46l = (g Ae)| = sup 1L(40)

= sup [(A"r, )| < [|A"]] ¢l
e li=1

where in the step marked with , we have used that we can calculate the norm from picking
the functional associated to Hﬁ—g”: for a functional with norm 1, | L||, = 1, the norm of

L(Ayp) cannot exceed that of Ay
IL(Ap)| = (e, Ap)| < [l Agll = [|Agp]|.

Here, 11, is the vector such that L = (11, -) which exists by Theorem 3.4.5. This theorem
also ensures ||L||, = |[¢)L||. On the other hand, from

AL = || La-y. ||, = HslileA*wL,soﬂ
QP =

< sup [[¢rll[[Agll = AL = [[Al [zl

llell=1
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4 Bounded linear operators

we conclude ||A*|| < || A||. Hence, ||A*|| = || 4]
(v) is clear. For (vi), we remark

1A = sup ||Ap||”

sup <g0, A*A(p>

leli=1 leli=1
< sup [|[AT A = [|ATA].
lell=1

This means
1AI* < A% Al < JAT| Al = [14]7
which combined with (iv),
JAI? = [[A7)* < [JAA*|| < Al 1A*]| = Al

implies | A*A|| = ||A||* = || AA*||. (vii) is left as an exercise. o
Definition 4.2.3 Let H be a Hilbert space and T' € B(H). Then T is called

(i) normalif T*T = T T*.

(ii) selfadjoint (or hermitian) if T* = T.
(iii) unitary if T* T = idy = T T*.

(iv) an orthogonal projection if T?> = T and T* = T.

() positive if (0, Tp) > 0 forall p € H.

4.3 Unitary operators

More generally, unitary operators U : H; — 72 between two Hilbert spaces are char-
acterized by
(Ugp, U"/’>H2 = (¢, U*U¢>7.[1 = (¢, Ql})Hl ) v, €N,

combined with the fact UH; = Hs. Note that here, the adjoint U* : H5 — H; maps onto
H1, so that the definition of a unitary is still U* = U~!. This more general definition is
necessary to understand common unitary operators such as the discrete Fourier transform

F: LQ([O,Zﬂd) — €2(Zd),

(Fe)(k) = @ /[ e )

Physically, one important consequence is the conservation of probability under unitary
maps.
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4.3 Unitary operators

4.3.1 Representations and bra-ket notation

Let us reconsider the bra-ket notation physicists use and the topic of representations which
is the generalization of a choice of basis in linear algebra (see also the discussion in Chap-
ter 2.2.5). Let us start with a few examples: for a particle on R?, the most common repre-
sentation is the position representation where position operator Q and momentum operator
P are

Q) (z) = z (),

i. e. the position operator is multiplication by 2 and while momentum is —i% times the
gradient. These two operators are characterized by algebraic relations called commutation
relations,

[Qj7 Qk‘] = 07 [Pj7 Pk‘] = O’ [Qj’ Pk} = lhaﬂ“

Here, |1(z)|” is a probability density on (real) space, i. e. the units of 1)(z) are 1/[length] 2.

Position representation is the “eigenbasis representation” of the position operator, mean-
ing Q; is multiplication by z ;. However, Q; seen as an operator on L?(R?) has purely con-
tinuous spectrum,

U(Qj) = Ucont(Qj) =R,

meaning that to each A € R the tempered distribution 6 (z — X ¢;) is a pseudoeigenfunction
- it is a bona fide tempered distribution, and thus, cannot be an element of L?(R%) (see
[Leil3, Chapter 7]).

While position Q; is diagonal in position representation, momentum P; = —ihd,, is
not. However, one can change to the momentum representation via the Fourier transform

F: L*(RY) — L*(RY),
o 1 —i&-x
(F)(§) = T /Rd dze Sy (x). (4.3.1)
The indices in the L?-spaces mean nothing mathematically, they are included to empha-
size that the variables z in the original space are spatial variables while the ones in the
target space are momenta £. A note to mathematicians: The integral expression is first
defined on the dense subspace L!(R%) N L?(RY) and then extended by continuity (see

[LLO1, Chapter 5.4] for a more “hands-on” way to implement the extension). Formally,
(4.3.1) can be written as

“PE) = (e ) = (€|y) 7,
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4 Bounded linear operators

and it is this what physicists mean when they write n (&) = (&|v), because |€) is under-
stood to be the (pseudo)eigenvector of —ihV ., namely eti¢'*, However, plane waves e*1¢®
are not square-integrable, and thus, they are not elements of L?(R?) and the associated
spectrum is purely continuous,

o'(—ihawj) = Ocont (—lhaa; ) .

One can show that F is a unitary (Parseval formula) and thus, norm-preserving (Plancherel
identity). Moreover, for suitable functions (e. g. C>°(R?)) for all multiindices a, « € N¢

F(2%(—10,)*) = (+10¢) "> Fop

holds. We can use the Fourier transform to switch from position to momentum represen-
tation: here, the momentum operator

PP i=FPF l=ht
becomes just multiplication with £ while the position operator
Q" :==FQF ! =+iV,

involves the derivative now. Note that the commutation relations of position and momen-
tum operators in momentum representation are identical,

[Qj]:> Q-}::] =0, [Pg]‘:v Pi:] =0, [Q}F, Pi:] = ih(sj/“

unitary transformations cannot change these algebraic relations. In fact, physically rele-
vant quantities cannot depend on the representation, e. g. the spectrum of an operator is
independent of it:

Lemma 4.3.1 Let T be a bounded operator on a Hilbert space H1 and U : H1 — H a unitary.
Theno(T) = o(UT U~') and similarly o4(T) = o4 (UT U~') whereff = c,p,r

Proof This is left as an exercise. O

One last thing about notation: if  is a separable, infinite-dimensional Hilbert space and
{©n }nen an orthonormal basis, then one can show

idy = Z |n) (@l

neN

since any vector ¢ = 3 (¥n, 1) ¥n can be expressed in terms of the basis {¢,, }nen.
Such an expression is known as a resolution of the identity. Analogously, physicists also write

id ) = /R dz |2)(z]
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4.3 Unitary operators

where |z) = §(- — x) are the pseudoeigenvectors of the position operator & on L?(R) and
the sum is replaced by an integral. The purpose of this is to expand vectors in L?(R) in
terms of the “eigenbasis” of the position operator. For instance, (x[¢) stands for ¢ (x).
To define this expression mathematically requires a lot more machinery and will require
functional calculus (see Chapter 6). It turns out that |z)(z| stands for a projection-valued
measure.

Similarly, expansions into plane waves (“eigenfunctions” of the momentum operator)
also exists,

iduae) = [ 21606l
and corresponds to a plane wave expansion, n (&) = (&|Y).

4.3.2 Unitary evolution groups

In case of quantum mechanics, we are interested in solutions to the Schrédinger equation
. d
S (t) = H (), v(0) = v,

for a hamilton operator which satisfies H* = H. Assume that H is bounded (this is really
the case for many simple quantum systems). Then the unitary group generated by H,

U(t) = e 1H,
can be written as a power series,
= 1
e itH Z f'(—it)n H"
n!
n=0

where H? := id by convention. The sequence of partial sums converges in the operator
norm to e 1tH

N

Z l(—lt)n H" N—oo efitH
n! ’

n=0

since we can make the simple estimate

Z m(—it)n H"™

n=0

<D I E < D0 " H " ]
n=0 n=0

— eltlHll ||| < oco.
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4 Bounded linear operators

This shows that the power series of the exponential converges in the operator norm in-
dependently of the choice of 1) to a bounded operator. Given a unitary evolution group, it
is suggestive to obtain the hamiltonian which generates it by deriving U (¢)« with respect
to time. This is indeed the correct idea. The left-hand side of the Schrédinger equation
(modulo a factor of i) can be expressed as a limit

% (t) = g%%(w(t +0) — ().

This limit really exists, but before we compute it, we note that since
Pt +0) —p(t) = e Ty, — emitHyy — e iHH (o710 _ 1)y

it suffices to consider differentiability at ¢ = 0: taking limits in norm of #, we get

d . . 1 — (—1)" nrrn
() = lim 5 (0(6) ~ o) = lim 5 (Z C s - %)
= ;5% 2 %5"*11{%0 = —iH1y.

Hence, we have established that e ~*//¢); solves the Schrédinger condition with 1 (0) = 1,

.d
() = Hu().

However, this procedure does not work if H is unbounded (i. e. the generic case)! Before
we proceed, we need to introduce several different notions of convergence of sequences
of operators which are necessary to define derivatives of U (t).

Definition 4.3.2 (Convergence of operators) Let A,, € B(H) be a sequence of bounded op-
erators. We say that the sequence converges to A € B(H)

(i) uniformly/in norm iflim, || A, — Al| = 0.
(ii) strongly if lim,, oo || Apt) — A9|| = 0 forall ¢ € .
(iii) weakly if lim,,_, oo (0, Ay — AY) = 0 forall , 1 € H.

Convergence of a sequence of operators in norm implies strong and weak convergence,
but not the other way around. In the tutorials, we will also show explicitly that weak
convergence does not necessarily imply strong convergence.

Example With the arguments above, we have shown that if H = H* is selfadjoint and
bounded, then ¢ — e~ is uniformly continuous.
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4.3 Unitary operators

If |H|| = oo on the other hand, uniform continuity is too strong a requirement. If H =
— 34, is the free Schrédinger operator on L?(R%), then the Fourier transform F links the
position representation on L?(R%) to the momentum representation on LQ(Rg). In this
representation, the free Schrédinger operator H simplifies to the multiplication operator

= &

acting on LQ(Rg). More elaborate mathematical arguments show that for any ¢ € R, the
norm of the difference between U (¢) = e~i2¢” and U (0) = id

|T () —id|| = sup ’e‘it%gz 1] =2
£eRg

is exactly 2 and U (t) cannot be uniformly continuous in ¢. However, if ¢ & L*(RY) is a
wave function, the estimate

Uy

2 _ —itle2 11210002
/R dé |e 12 |d(e)]

d
3

<2 [ aliof =4
(3

shows we can invoke the Theorem of Dominated Convergence to conclude U (t) is strongly
continuous int € R.

Definition 4.3.3 (Strongly continuous one-parameter unitary group) A family ofunitary
operators {U (t) }1cr on a Hilbert space H is called a strongly continuous one-parameter unitary
group - or unitary group for short - if

(i) t — U(t) is strongly continuous and
(i) U UW)=U(t+t')aswellas U(0) = idy
hold for all t,t' € R;.

This is again a group representation of R; just as in the case of the classical flow ®. The form
of the Schridinger equation,

. d
1500 = Ho(b)

also suggests that strong continuity/differentiability is the correct notion. Let us once
more consider the free hamiltonian H = —1 A, on L?*(RZ). We have shown in the tuto-
rials that its domain is

D(H) = {p € L*(R]) | — Az € L*(RY)}.
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4 Bounded linear operators

Using (F((—i0.)*f))(§) = €* (Ff)(€), @ € Ng, we see that D(H) is mapped by the
Fourier transform onto

D(H) = {$ € L*(RY) | €4 € L*(RY)}.

Dominated Convergence can once more be used to make the following claims rigorous: for
any ¢ € D(H), we have

< lim||1 (U (t) —id)d|| + || 3€%]- (4.3.2)

t—0

lim || H(U () — id)d — 1620

t—0

The second term is finite since ¢ € D(H) and we have to focus on the first term. On the
level of functions,

holds pointwise. Furthermore, by the mean value theorem, for any finite ¢t € R with
|t| < 1, for instance, then there exists 0 < ¢(, < ¢ such that

o o o
He ™8 —1) = 973 = —ijgtenhre

t=ty
This can be bounded uniformly in ¢ by 1¢2. Thus, also the first term can be bounded by
|| 4€2¢)]| uniformly. By Dominated Convergence, we can interchange the limit ¢ — 0 and
integration with respect to ¢ on the left-hand side of equation (4.3.2). But then the inte-
grand is zero and thus the domain where the free evolution group is differentiable coin-
cides with the domain of the Fourier transformed hamiltonian,

=0.

lim
t—0

HO() — id)d - 1€2))

This suggests to use the following definition:

Definition 4.3.4 (Generator of a unitary group) A densely defined linear operator on a Hilbert
space H with domain D(H) C H is called generator of a unitary evolution group U (t),t € R, if

(i) the domain coincides with

—_~—

D(H) = {(p EH|t— Uty differentiable} =D(H)
(ii) and for all ) € D(H), the Schrédinger equation holds,

d
iUt = HU()v.
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4.3 Unitary operators

This is only one of the two implications: usually we are given a hamiltonian H and we
would like to know under which circumstances this operator generates a unitary evolution
group. We will answer this question conclusively in the next section with Stone’s Theorem.

Theorem 4.3.5 Let H be the generator of a strongly continuous evolution group U (t), t € R.
Then the following holds:

(i) D(H) is invariant under the action of U (t),i.e. U(t)D(H) = D(H) forallt € R.

(ii) H commutes with U(t), i.e. [U(t), H|xp := U(t) HYp — HU(t)y» = 0 forallt € R and
Y € D(H).

(iti) H is symmetric, i.e. (Hp, 1) = {p, H1) holds for all p, v € D(H).
(iv) U(t) is uniquely determined by H.
(v) H isuniquely determined by U (¢).

Proof (i) Let ¢ € D(H). To show that U(¢)¢ is still in the domain, we have to show
that the norm of HU (¢)4 is finite. Since H is the generator of U (t), it is equal to

Hey = i%U(s)w = lim 1 (U(s) — id).

s
=0 s—0

Let us start with s > 0 and omit the limit. Then

LU - U] = v e - 0] =

L(U(s) ~id)y < o0

holds for all s > 0. Taking the limit on left and right-hand side yields that we can
estimate the norm of HU (t)% by the norm of H - which is finite since v is in the
domain. This means U (¢)D(H) C D(H). To show the converse, we repeat the proof
for U(—t) = U(t)~! = U(¢)* to obtain

DH)=U(-t)U)D(H) CU(t)D(H).
Hence, U(¢t)D(H) = D(H).

(ii) This follows from an extension of the proof of (i): since the domain D(H) coincides
with the set of vectors on which U (t) is strongly differentiable and is left invariant
by U(t), taking limits on left- and right-hand side of

L(U(s) — id) Uty — U(8)L (U (s) — id)iﬁ” —0

leads to [H, U (t)] = 0.
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4 Bounded linear operators

(iii) This follows from differentiating (U (t)e, U (t)t) for arbitrary o, € D(H) and us-
ing [U(t), H| = 0 as well as the unitarity of U(t) for all ¢ € R.

(iv) Assume that both unitary evolution groups, U (t) and U (t), have H as their generator.
For any 1 € D(H), we can calculate the time derivative of ||(U(t) — U(t))¢ ?

’

1w - 0@l =25 (61~ Re (U (1))

— _9Re ((—iHU(t)w, T(t)) + (U(t), —iHU(t)w>)
—0.

Since U(0) = id = U(0), this means U(t) and U(t) agree at least on D(H). Us-
ing the fact that there is only bounded extension of a bounded operator to all of #,
Theorem 4.1.5, we conclude they must be equal on all of #.

(v) This follows from the definition of the generator and the density of the domain.

Now that we have collected a few facts on unitary evolution groups, one could think that
symmetric operators generate evolution groups, but this is false! The standard example
to showcase this fact is the group of translations on L?([0, 1]). Since we would like 7'(¢)
to conserve “mass” - or more accurately, probability, we define for » € L?([0,1]) and
0<t<1

. (q;—t) l‘—tE[O,l]
(T(t)p) () := {SO(Z—H 1) z—t+1€e[0,1]"

For all other ¢t € R, we extend this operator periodically, i. e. we plug in the fractional
part of t. Clearly, (T(t)p,T(t)y) = (i,1) holds for all ¢, € L?([0,1]). Locally, the
infinitesimal generator is —id,, as a simple calculation shows:

d -
= law(x —t) T —i0,¢(x)

(i @) )@

=0
However, T'(t) does not respect the maximal domain of —id,,
Dmax(—i0;) = {¢ € L*([0,1]) | —i0, € L*([0,1])}.

Any element of the maximal domain has a continuous representative, but if ©(0) # ¢(1),
then for ¢ > 0, T'(t)e will have a discontinuity at ¢. We will denote the operator —id, on
Dmax(—10,, ) with Pp.. Let us check whether P,y is symmetric: forany ¢, ¢ € Dyax(—i0y),

50



4.3 Unitary operators

we compute

1 - 1 1 -
(p.-i0.6) = [ 4o (-i0.0)(0) = [-ipla) v(a)]| — [ de () Dalo vt

— i(500) $(0) — (D (1)) + / de (“10,9) (@) ()
= 1((0) $(0) — (1) (1)) + (—iBuip, ). (4.3.3)

In general, the boundary terms do not disappear and the maximal domain is “too large”
for —id,, to be symmetric. Thus it is not at all surprising, T'(¢) does not leave Dy, (—i0,,)
invariant. Let us try another domain: one way to make the boundary terms disappear is
to choose

Dain(—i0%) 1= { € L2([0,1)) | —i0ap € LA([0,1]), 9(0) =0 = (1) }.

We denote —id,, on this “minimal” domain with Pp,. In this case, the boundary terms in
equation (4.3.3) vanish which tells us that Py, is symmetric. Alas, the domain is still not
invariant under translations 7'(t), even though Py, is symmetric. This is an example of a
symmetric operator which does not generate a unitary group.

There is another thing we have missed so far: the translations allow for an additional
phase factor, i. e. for ¢, € L?([0,1]) and ¥ € [0, 2), we define for 0 < ¢ < 1

o (x—t) x—tE[O,”
(To(t)p)(x) == {eiﬁ;ix —t+1) z—t+1€][0,1]"

while for all other ¢, we plug in the fractional part of ¢. The additional phase factor cancels
in the inner product, (T (t)¢, Ty (t)1) = (¢, ) stillholds true forall p, v € L*([0, 1]). In
general Ty(t) # Ty (t) if ¥ # ¥ and the unitary groups are genuinely different. Repeating
the simple calculation from before, we see that the local generator still is —id,, and it would
seem we can generate a family of unitary evolutions from a single generator. The confusion
is resolved if we focus on invariant domains: choosing ¥ € [0, 27), we define Py to be the
operator —id,, on the domain

Dy(—i0) = {io € L2(0,1]) | —itag € L2(0, 1)), 0(0) = e (1)},

A quick look at equation (4.3.3) reassures us that P,y is symmetric and a quick calculation
shows it is also invariant under the action of Ty (¢). Hence, Py is the generator of Ty, and
the definition of an unbounded operator is incomplete without spelling out its domain.

Example Another example where the domain is crucial in the properties is the wave equa-
tion on [0, L],

Ou(z,t) — O%u(x,t) =0, u € C*([0, L] x Ry).

51



4 Bounded linear operators

Here, u is the amplitude of the vibration, i. e. the lateral deflection. If we choose Dirichlet
boundary conditions at both ends, i. e. u(0) = 0 = w(L), we model a closed pipe, if we
choose Dirichlet boundary conditions on one end, u(0) = 0, and von Neumann boundary
conditions on the other, v/(L) = 0, we model a half-closed pipe. Choosing domains is a
question of physics!
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Chapter 5

Unbounded selfadjoint operators

Most physical observables, e. g. standard Schrédinger operators of the form H = —A,+V,
are unbounded selfadjoint operator, so in order to understand even the simplest physical
observables such as position &, momentum —iV, and energy H we need to define and
understand unbounded operators first, extend the definition of adjoint and finally define
selfadjointness properly.

5.1 Unbounded operators

Akin to Chapter 4.1, we first need to introduce the notion of unbounded operators and
their adjoints. For the purpose of this chapter, a densely defined operator 7" always de-
notes a linear operator 7' : D(T') C ‘H — H defined on a separable Hilbert space H with
domain D(T).

Definition 5.1.1 (Extension of an operator) LetT be a densely defined linear operator. Then
an extension S : D(S) C ‘H — H is an operator such that S O T, meaning D(S) D D(T)
and S‘D(T) =1T.

The use of C in T’ C S also motivates calling T smaller than S.

Example We have discussed several candidates for the generator of translations on the
Hilbert space L?([0, 1]) in Chapter 4.3.2, and one can see from the definitions that Py, C
Py C Paax, 1. €. Py and Ppax are two extensions of Ppin.

An important properties with which to distinguish some unbounded operators from oth-
ers is closedness:

Definition 5.1.2 (Closed and closable operators) Let T : D(T) C H — H be a densely
defined linear operator.
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5 Unbounded selfadjoint operators

(i) The graph of T is the linear subset
D(T):={(p,T¢) | ¢ €D(T)} CHDH.

(ii) T is called closed if T'(T) is a closed subset of H & H.

(iii) T is called closable if there exists a closed extension of T'. In this case, the smallest closed
extension T is the closure of T which satisfies T'(T') = I'(T).

An important example of closed operators are adjoints of densely defined operators.

Definition 5.1.3 (Adjoint operator) Let T be a densely defined operator. Let D(T*) be the set
of ¢ € H for which there exists ¢ € H with

(T, ) = (¥, 9) Vi € D(T).
For each ¢ € D(T*), we define T* := ¢ and T™ is called the adjoint of T
Remark 5.1.4 By Riesz Lemma, ¢ belongs to D(T™) if and only if

(T, 0)| < ClY| Vip € D(T).

This is equivalent to saying ¢ € D(T*) if and only if ) — (T'%, ) is continuous on D(T).
As a matter of fact, we could have used to latter to define the adjoint operator.

One word of caution: although adjoint operators are always closed, their domain may be
too small, i. e. even if T' is densely defined, 7* need not be:

Example Let f € L>°(R),but f ¢ L?(R), and pick 1o9 € L?(R). Define
D(T}) = 1/)6L2 /dL f(z |<oo}

Then the adjoint of the operator

T = (f, ) Yo, Y € D(Ty),

has domain D(T7}) = {0}. Let 1) € D(Ty). Then for any ¢ € D(T7})

Ty, @) = ({f, %) Yo, ) = (¥, f) (Yo, )
= (v, (Yo, ) f)-

Hence T = (o, ) f. However f ¢ L?(R) and thus ¢ = 0 is the only possible choice
for which T'; ¢ is well defined.
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5.1 Unbounded operators

Definition 5.1.5 (Symmetric operator) A densely defined operator T is called symmetric if
and only if

(T, ) = (¥, Te)
holds for all v, € D(T).
Theorem 5.1.6 Let T be a densely defined linear operator. Then T* is closed.
Proof According to Definition 5.1.3, the condition (¢, ¢) € I'(T*) is in fact equivalent to
(0, Tp) = (d,p) =0 Vo e D(T).

However, seeing as (1, T'p) — (¢, ¢) = ((1,9), (~=T¢,9)), 55> We introduce the unitary
map

W HOH —HOH, (p1,02) = (—p2,¢1)
and rewrite the graph of T* as

€

D(T*) =W (T(T)) . (5.1.1)

Since unitaries are bounded, it maps the closed set (I'(T’)) + (orthogonal complements of
sets are always closed subspaces) onto a closed set. Hence, T* is closed. O

Corollary 5.1.7 Let T be a densely defined operator and T' C S. Then S* C T™*.
Proof This follows directly from (5.1.1), because I'(T") C I'(S) implies
L(S%) = W(I(S))" € W(D(D)" =I(T"),. .
Corollary 5.1.8 LetT be densely defined and closable, and assume that also T* is densely defined.
() T =T = (T*)"
(i) (T)" =T* =T
Proof (i) First of all, it is easy to show that for any subspace K C H & H we have
W(KY) = (WK)™.
Now using (5.1.1) repeatedly, we can express I'(T**) in terms of I'(T'),
D) = w(n) = w(wem)*)

=W (W(rm*H)) = w2,
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Evidently, W? = —idy g and seeing as (K*) * =K, we deduce

L(T*) =T(T).

But this implies (i) as 7" is closable by assumption, and its smallest closed extension
satisfies I'(T') = I'(T).

(ii) This follows from

P((T)") =T(T**) =T(T*) = T(T")

since T™* is closed by (i). Hence, also (ii) holds true. O

Corollary 5.1.9 Let T' be densely defined and symmetric. Then T is closable and T™ is densely
defined, and we have T C T = T** C T* and (T)* = T~

Proof Since T is symmetric, T* is densely defined as well as D(T') C D(T*) implies the
latter is dense in #. Thus, Corollary 5.1.8 applies. O

5.2 Selfadjoint operators

We are finally in a position to define unbounded selfadjoint operators properly, and we
see that in large part, selfadjointness is a matter of domains. Very often, though, it is
not easy (or possible) to compute the domain explicitly. That is why the notion of essential
selfadjointness is useful where one gives a smaller symmetric operator which has a unique
selfadjoint extension.

Definition 5.2.1 (Selfadjoint operator) Suppose H is a symmetric, densely defined.
(i) H is called selfadjoint if and only if H = H*.
(i) H is called essentially selfadjoint with core D(H ) if its closure H is selfadjoint.

Selfadjointness is not just a matter of an operator being symmetric, the crucial bit con-
cerns the domain.

Corollary 5.2.2 A symmetric, densely defined operator H is essentially selfadjoint if and only if
H* is symmetric. Then the selfadjoint extensionis H = H*.

Proof “=-:" Essentially selfadjoint operators are symmetric by definition and closable by
Corollary 5.1.9, and hence, the unique selfadjoint extension H = H = H** = H*
(Corollary 5.1.8) is symmetric.

“«:" Assume H* is symmetric. Then the combination of the two inclusions from Corol-
lary 5.1.9, H* C H** = Hand H C H = H** C H*, yields H* = H =H,ie His
essentially selfadjoint. O
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5.2 Selfadjoint operators

Selfadjointness is not just important to have well-defined observables, but also existence of
the dynamics as a unitary evolution group.

Theorem 5.2.3 (Stone) To every strongly continuous one-parameter unitary group U on a Hilbert
space H, there exists a selfadjoint operator H = H* which generates U (t) = e, Conversely,
every selfadjoint operator H generates the unitary evolution group U (t) = e~ 11,

This is a very deep result of functional analysis, and a proof is beyond out capabilities at
this point (see e. g. [RS72, Chapter VIIL.3]). However, we will at least prove one of the two
implications when we discuss how to define e =¥ rigorously in Chapter 6.

5.2.1 Fundamental criterion for selfadjointness

While we now know how to define selfadjointness properly in case an operator is un-
bounded, the definition is too unwieldy to be able to prove selfadjointness. There are a
few ways to decide whether an operator is selfadjoint the most basic one is the

Theorem 5.2.4 (Fundamental criterion for selfadjointness) Let H beasymmetric, densely
defined operator. Then the following are equivalent:

(i) H is selfadjoint.
(i) H is closed and ker(H* + i) = {0}.
(iii) ran (H +i) = H.
The proof is split in two parts, first we state and show this auxiliary result:
Lemma 5.2.5 Let T be a densely defined operator. Then we have:
(i) ker(T* Fi) = ran (T +1)*
(ii) ker(T* Fi) = {0} < ran (T + i) C H dense
(iti) If in addition T is closed and symmetric, then ran (T =+ i) are closed.

Proof (i) First of all, we note that (7' +i)* = T* F i. The following equivalences hold
true:

Yperan(T+i)t < (¥, (T +i)p) =0Ve € D(T)
& P eD(T*) and (T* — i), ) = 0V € D(T)
& YeDT)and (T" —i)yp =0
< @ € ker(T* —1i)

The proof for the other sign is analogous.
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(ii) This follows immediately from (i).

(iii) For symmetric operators T and ¢ € D(T) the expectation value (Tp, p) = (p, Tp)
is necessarily real, and consequently, it follows that

(T +1)g|” = ||Te| + loll? + 2Re (ip, Tp) = |To|)* + ¢l > lel®> o

Hence, T + i is injective and the inverse (T +1i) ! : ran (T +i) — D(T) exists as a
bounded operator. To see that ran (T + i) is closed, pick a Cauchy sequence {,, } nen
in the range. The image of this Cauchy sequence under (7" + i)~ is another Cauchy
sequence ¢, := (T +1)"tp, in D(T) (T + i)~ is bounded!). Also (¢, T¢y,) is a
Cauchy sequence with respect to the norm on H @ H because T' (T +i)~! = id —
i(T +1i)~" is bounded. That means (t,,, T4, ) converges to some (¢,7) € H & H.
In fact, this sequence converges in I'(T') as T is closed. But then (T + 1) ¢ is the limit
point in ran (T + i), and the range is closed.

Proof (Theorem 5.2.4) “(i) = (ii):” Suppose H = H* is selfadjoint. Then it is closed by
Theorem 5.1.6. A vector ¢ is an element of ker(H* + i) = ker(H = i) if and only if
Hpy = Fipy. Put another way, o is an eigenvector of H to the eigenvalue Fi. How-
ever, eigenvalues of symmetric operators are necessarily real: assume ¢, € D(H) is an
eigenvector of H to A € C, then a quick computation

A (ex, o) = (ox, Hox) = (Hpx, pa)
= A (©a, o)

reveals A = \. Thus, only ¢ = 0 satisfies Hp. = Fipy and ker(H* £1i) = {0}.

“(ii) = (iii):” This follows from Lemma 5.2.5 above.

“(iii) = (i):” Assume ran (H + i) = H. We will need to show H = H*. The inclusion
H C H* follows from Corollary 5.1.9, and we are left to show H D H*. To unburden the
notation, let us consider H — i. The surjectivity of H — i yields that for any v € D(H*)
there exists a ¢ € D(H) so that

(H* i)y = (H —i)p = (H" —i)p

where in the last step we have used H* O H. But that means ¢ — ¢ € ker(H* — i), and
ran (H + i) = H (note the difference in sign!) combined with Lemma 5.2.5 (ii) implies
1 = . Given that ¢) € D(H*) was chosen arbitrarily, we infer D(H*) = D(H). O

Corollary 5.2.6 (Fundamental criterion for selfadjointness) Let H be asymmetric, densely
defined operator. Then the following are equivalent:

(i) H is essentially selfadjoint.
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(ii) ker(H* +1i) = {0}
(iti) ran (H +1i) C H is dense.

Proof To see (i) < (ii), we note that Theorem 5.2.4 applies for H**, because according
to Corollary 5.1.8 (i) H** = H is the selfadjoint closure of H and H*** = H* by Corol-
lary 5.1.8 (ii). Consequently, we have the following equivalences:

H essentially selfadjoint & H = H** selfadjoint
& H** closed and ker (H*** £ i) = {0}
& ker(H* 1) = {0}

The equivalence (ii) < (iii) is the content of Lemma 5.2.5 (i). 0O

Usually it is simpler to check whether an operator is essentially selfadjoint. However, in
certain cases, proving such statements can be hard work and require highly non-trivial
machinery.

The corollary implies that an operator cannot be selfadjoint if the deficiency indices

N, (H) := dimker(H* + 1),
N_(H) :=dimker(H" — i),

take different values, N (H) # N_(H). However, if the two are equal, one can always
find a selfadjoint extension:

Theorem 5.2.7 A densely defined, symmetric operator H has at least one selfadjoint extension if
and only if N_(H) = N (H) holds.

The proof is a bit technical, and will be skipped during the lecture. The interested reader
can find it in [RS75, p. 141].

During the exercises, you are asked to compute the defect indices of Py, from Chap-
ter 4.3.2. It turns out that N1 (Pyin) = 1, and this one-dimensional degree of freedom is
connected to the freedom to choose a phase during the gluing procedure. In other words,
for any value of ¥ € R the operator Py is a selfadjoint extension of Pp;n.

5.2.2 Spectral properties

The spectrum of an operator is the generalization of the set of eigenvalues for matrices.
According to Definition 4.1.6 the spectrum can be divided into three parts, the point spec-
trum

op(H) := {z € C | H — zis not injective},
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5 Unbounded selfadjoint operators

the continuous spectrum
Ocont(H) := {z € C | H — z is injective, im (H — z) C H dense},
and the residual spectrum
or(H) := {z € C| H — z is injective, im (H — z) C H not dense}.

Point spectrum is due to eigenvalues with eigenvector. Compared to matrices, the occur-
rence of continuous and residual spectra is new. The residual spectrum is not important
for our discussion as it is empty for selfadjoint operators.

The continuous spectrum can be attributed to cases where the eigenvectors are not
elements of the Hilbert space. For instance, in case of the free Schrédinger operator
H = —1A, on L?(R?), the spectrumis o(H) = ocont(H) = [0, +00). Here, the eigenvec-
tors are plane waves, e™¢'* which are smooth, bounded functions; however, plane waves
are not square integrable. Similarly, multiplication operators have Dirac distributions as
eigen“functions”.

Note that this distinction between the spectral components goes further than looking at
the spectrum as a set: for instance, it is known that certain random Schrédinger operators
have dense point spectrum which “looks” the same as continuous spectrum.

There is also a second helpful classification of spectrum which cannot be made rigor-
ous with the tools we have at hand, and that is the distinction between essential spectrum
oess (H) and discrete spectrum o ;s (H ). The essential spectrum is stable under local, short-
range perturbations while the discrete spectrum may change. One has the following char-
acterization for the essential spectrum:

Theorem 5.2.8 (Theorem VIL.10 in [RS72]) )\ € 0ess(H) if and only if one or more of the
following holds:

(i) X\ € ocont(H)
(i) Xis a limit point of op(H ).
(iii) X is an eigenvalue of infinite multiplicity.
Similarly, the discrete spectrum has a similar characterization:

Theorem 5.2.9 (Theorem VIL.11 in [RS72]) ) € o4i.(H ) if and only if both of the following
hold:

(i) X is an isolated point of o(H ), i. . for some e > O we have (A — e, A +¢) No(H) = {\}.

(i) \is an eigenvalue of finite multiplicity.
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5.2 Selfadjoint operators

The spectrum can be probed by means of approximate eigenfunctions (“Weyl’s Criterion”,
see [RS72, Theorem VII.12]):

Theorem 5.2.10 (Weyl’s criterion) Let H be a bounded selfadjoint operator on a Hilbert space
‘H. Then A € o(H) holds if and only if there exists a sequence {1, } nen so that ||1,,|| = 1 and

Jim [[H g = At = 0.
We have \ € oess(H) if and only if we can choose the sequence {1, } nen to be orthonormal.

Example (Weyl’s criterion for H = —82 on L?(R)) For any A\?> € [0,+00), one can
choose a sequence {1, },en of normalized and cut off plane waves e***. To make sure
they are normalized, we know that pointwise 1, (x) — 0 as n — .

5.2.2.1 The spectrum of selfadjoint operators is real

As a side note, let us show that the spectrum of selfadjoint operators is purely real.

Theorem 5.2.11 Let H = H* be a selfadjoint operator on the Hilbert space H. Then the follow-
ing holds true:

() o(H) CR
(i) H>0=o(H) C [0,+00)
To prove this, we use the following

Lemma 5.2.12 Let H;, j = 1,2, be Hilbert spaces. Then an operator T' € B(H1, Ho) is invert-
ible if and only if there exists a constant C' > 0 such that T* T > C'idy, and T T* > C'idy,
hold.

Proof “=-:" Assume T is invertil:>21e. Then T* :27-[2 — H, is also invertible with inverse
T* ' =T71".set C:= ||T7!|"" =||T*""|| ". Then the inequality

[l = | T 7| < |T7H] 179
proves || T|| > HT‘1||_1,andthus also

(W, T*TY) = |TY|> > |77 7% 1el® = ¢ 1¢]?, (5.2.1)

i. e. we have shown T* T' > C'idy,, . The non-negativity of 7' T™* is shown analogously.
“«=:” Suppose there exists C' > 0 such that 7*T > Cidy, and T T* > C'idy,. Then
from (5.2.1) we deduce || T%|| > +/C ||¢| holds for all v» € H,. First of all, this proves that
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5 Unbounded selfadjoint operators

T is injective, and secondly T has closed range in 5 (one can see the latter by considering
convergence of T, for any Cauchy sequence {1, },cn). Moreover, one can easily see

ranT =ranT = (kerT*)l.

Since we can make the same arguments for 7*, we also know that T™* is injective, and thus
ker T* = {0}. This shows that T is surjective, i. e. it is bijective, and hence, invertible.

With the proof of the Lemma complete, we can now prove the statement:

Proof (Theorem 5.2.11) (i) Let H = H* be selfadjointand z = A + iy € C\Rbea
complex number with non-vanishing imaginary part p. We will show that z ¢ o(H),
i. e. that H — X is invertible: a quick computation shows

(H—2)" (H—=2)=H*-2(Rez)H+ |2]> = H> —2XH + (\* + 1%
=2+ (H -\
The last term is non-negative, and thus, we have shown
(H — z)* (H — z) > 1. (5.2.2)
By the Lemma, this means H — X is necessarily invertible, and z ¢ o(H).

(ii) We have to show that for A € (—o0,0), the operator H — X is invertible. This follows
as before from

(H-XN"(H-)X)=H>-2\H+\ >\,
the non-negativity of —2\ H = 2|\| H and the Lemma. ]

Equation (5.2.2) also yields a very useful estimate on the norm of the resolvent (H — 2)~1:

Corollary 5.2.13 Let H be a selfadjoint operator and z € C \ R. Then we have the following
estimate for the norm of the resolvent:
1

5.2.3
[Im z| (5.23)

I =2~ <

Proof As H is selfadjoint and Im z # 0 the Fundamental Criterion of Selfadjointness 5.2.4
tells us that ran (H — z) = H. That means to any ¢ € H we can find ¢ € D(H) such that
(H — z)¢p = 1), and consequently, (5.2.2) yields

I(H = 2)e]* = el
> m 2l [Jo|® = Im2f? ||(H — 2)~ ||

This is equivalent to equation (5.2.3). O
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5.2 Selfadjoint operators

5.2.2.2 Spectra of common selfadjoint operators

Quite generally, the spectrum of selfadjoint operators is purely real. But before we prove
that, let us discuss some examples from physics:

Multiplication operators The spectrum of the multiplication operator
(f(@)) (@) = f(z) P(x)

is given by the range, o (f(&)) = ran f, where f : R? — R is a piecewise-continuous
function.?

To see this claim, we rely on the Weyl criterion: in order to show o (f(&)) 2 ranf,
pick any A € ran f. Then there exists a sequence x,, such that |\ — f(z,,)| < 1/n. Then
by shifting an L?-Dirac sequence by z,, (e. g. scaled GauRians), we obtain a sequence of
vectors ¢, with || (f(£) — A)bn || “—= 0. Hence, this reasoning shows ran f C o (f(%)).

To show the converse inclusion, let A € o(f(2)). Then there exists a Weyl sequence
{n}nen with || (f(2) — A)¢on|| — 0asn — co. Assume inf,cpa|f(z) — A| = ¢ > 0,
i.e. A € ran f, then {1, } cannot be a Weyl sequence to },

1(/2) = N)vall = inf (@) = Al el = ¢ >0,

which is absurd.

Should f be constant and equal to )\ on a set of positive measure, there are infinitely many
eigenfunctions associated to the eigenvalue \g. Otherwise, f has continuous spectrum. In
any case, the spectrum of f (&) is purely essential.

Clearly, this takes care of any operator which is unitarily equivalent to a multiplication
operator, e. g. the free Laplacian on R? or T,

The hydrogen atom One of the most early celebrated successes of quantum mechanics
is the explanation of the spectral lines by Schrddinger [Sch26b; Sch26d; Sch26a; Sch26c].
Here, the operator

h2 2

He o= ——A, — e— (5.2.4)
2m |Z]

acts on a dense subspace of L?(IR?). A non-obvious fact is that this operator is bounded
from below, i. e. there exits a constant ¢ > 0 such that I > —c. This is false for the
corresponding classical system, because the function h(q,p) = 7-p* — To7 is not bounded
from below.

1This condition can be relaxed and is chosen just for ease of use.
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The reason for that is that states of low potential energy (i. e. wave functions which are
sharply peaked around 0) must pay an ever larger price in kinetic energy (sharply peaked
means large gradient). One heuristic way to see that is to compute the energy expectation
value of ¥, := \/?¢p(\z) for A > 1 where 1) € S(R?):

h2
Ey, (H) = om (x, —=Dzhn) — e (¥, |2] " 1hr)

_ P 3 2 5 [V(Az)|
=5 dem |Vap(Az)|” — e dem BV
=2 (v~ 5 80) = A (e fe| ) (525)

Clearly, if one replaces the Coulomb potential by — ||, the kinetic energy wins and the
quantum particle can “fall down the well”.

The negative potential gives rise to a family of eigenvalues (the spectral lines) while
— A, contributes continuous spectrum [0, +00),

U(H) = {En}nEN U [07 +OO),
a'cont(H) = [07 +OO) = Uess(H)a
UP(H) = {En}neN = Udisc(H)'

5.2.2.3 Eigenvalues and bound states

The hydrogen atom is a prototypical example of the type of problem we are interested in,
namely Schrédinger operators on L?(R?) of the form

H=-0,+V

where V' < 0 is a non-positive potential decaying at infinity (lim|,|_.oc V'(z) = 0). Under
suitable technical conditions on the potential, H defines a selfadjoint operator which is
bounded from below, that is H > ¢ holds for some ¢ € R, and we have

Oess(H) = o(—A;) = [0, +00).

We will come back to the question of selfadjointness of H = —A,+V later in Chapter 5.2.3.
Now the question is whether o, (H) = () or

UP(H) = {En 7]:]:0 C (—O0,0)

for some N € Ny U {oo}. We shall always assume that the eigenvalues are ordered by
magnitude,

Ey<FE <...
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5.2 Selfadjoint operators

The ground state 1) is the eigenfunction to the lowest eigenvalue Ey. Eigenfunctions 1)
are localized: the weakest form of localization is ¢» € L?(R¢), but usually one can expect
exponential localization.

So there are two natural questions which we will answer in turn:

(1) Do eigenvalues below the essential spectrum exist?

(2) Can we give estimates on their numerical values?

The Birman-Schwinger principle We begin with the Birman-Schwinger principle which
gives a criterion for the existence and absence of eigenvalues at a specific energy level. It
is the standard tool for showing the existence or absence of eigenvalues. Assume ¢ is an

eigenvector of H to the eigenvalue —E < 0. Then the eigenvalue equation is equivalent
to

(-8s + E)p = =Vo = |V]e.
If we define the vector ¢ := [V/|/? ¢ and use that —E ¢ o(—A,) = [0, +00), we obtain
VIT (-8 + B) VI =y,
In other words, we have just shown the

Theorem 5.2.14 (Birman-Schwinger principle) The function o € L?(R?) is an eigenvec-
torof H = —A, + V to the eigenvalue —E < 0 if and only if ¢ = |V|1/ *  is an eigenvector of
the Birman-Schwinger operator

Kp = V| (—A%JFE)*1 V|7 (5.2.6)
to the eigenvalue 1.

The only assumption we have glossed over is the boundedness of K. One may think
that solving Kgy = 1 is just as difficult as Hy = —Fp, but it is not. For instance, we
immediately obtain the following

Corollary 5.2.15 Assume the Birman-Schwinger operator K € B(L?(R?)) is bounded. Then
for \g small enough, Hy = —A, + AV has no eigenvalue at —F for all 0 < \ < Ao.

Proof Replacing V with AV in equation (5.2.6) yields that the Birman-Schwinger operator
for Hy is A\Kg. Thus, for A small enough, we can make \ || Kg|| < 1 arbitrarily small and
since sup |0 (Kg)| < ||Kg|,? this means 1 cannot be an eigenvalue. Hence, by the Birman-
Schwinger principle there cannot exist an eigenvalue at — E. O

2This is a general fact: if T' € B(X) is an operator on a Banach space, then sup |o(7")| < ||T|| holds [Yos80,
Chapter VIIL.2, Theorems 3 and 4].
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5 Unbounded selfadjoint operators

Another advantage is that we have an explicit expression for the operator kernel of K,
the Birman-Schwinger kernel, which allows us to make explicit estimates. In general, an
operator kernel K1 for an operator 7 is a distribution on R? x R? so that

(o)) = [ dyKr(an) o).

For the sake of brevity, we will also write T'(x, y) for Kr(x, y). One specific example are
Green’s functions G which are the operator kernel to L1, i. e. if we assume the operator
L is invertible and Lu = f, then we have

u(z) = » dy G(z,y) f(y) = (L7'f)(2).

Seeing as K is the product of the multiplication operator \V\l/ *and (-A, + E) ! the
dimension-dependent, explicit expression of Birman-Schwinger kernel involves only the
Green'’s function of —A, + F in that particular dimension,

-1
Kp(x,y) = V(@) (~8: +E) " (2,9) V()| .

In odd dimension, there exist closed expressions for (—A, + E) ! (z,y) while for even d,

no neat formulas for it exist. Nevertheless, its behavior can be characterized.

Let us return to the original question: Can we show the existence of eigenvalues as well via
the Birman-Schwinger principle? The answer is yes, and we will treat a particular case:

Theorem 5.2.16 ([Sim76]) Consider the Schrédinger operator Hy = —0% + AV on L?(R)
where A > 0 and the potential V' # 0 satisfies V' < 0 and

/dx (1+2%) |V(z)] < 0.
R

Then there exists A\ > 0 small enough so that H has exactly one eigenvalue

E,\ = —)‘; (/R dz |V(£L‘)|>2 + 0\ (5.2.7)

forall X € (0, o).

The eigenvalue gives an intuition on the shape of the eigenfunction: it has few oscilla-
tions to minimize kinetic energy and is approximately constant in the region where V is
appreciably different from 0 (this region is not too large because of the decay assump-
tion [, dza? [V (z)| < c0). Hence, the eigenfunction sees only the average value of the
potential.

This intuition neither explains why other eigenvalues may appear nor that for d > 3,
the theorem is false.
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5.2 Selfadjoint operators

Proof Theargumentsin[Sim76, Section 2] ensure the boundedness of the Birman-Schwinger
operator. Moreover, in one dimension the Green’s function for —9? + FE exists (—F ¢
o(—0?)) and can be computed explicitly, namely

e_\/ﬁ‘l‘_?ﬂ
WE

To simplify notation, let us define y := \/E. Thus, the Birman-Schwinger kernel is the
function

(02 4+ E) (x,y) = V27 (F(E + E) ) (z —y) =

1 e
Kuo(ay) = 5 [V ()|7? e le=vl [V (y)|72.

In addition, define the operators
LL — ]. |‘V‘1/2><‘V‘1/2|
; 2M

and M, := K,» — L. Clearly, given that V' € L'(R), its square root is L? and L is a
bounded rank-1 operator. Moreover, the operator kernel
e_ﬂlx_y‘ -1

My(a,y) = V(@) " =5

V(y)|”?

is well-defined in the limit ;» — 0 and analytic for © € C withRe o > 0.

The Birman-Schwinger principle tells us that H has an eigenvalue at —p? if and only
if 1 € 0p(K2): for A < 1 small enough we have ||A M,, || < 1 which means the Neumann
series?

(1-AM) " =3 N M =1+ AM, + 0 (5.2.8)
n=0
exists in B(L?(R)). Hence, the invertibility of
1-AK,2 =1—AM, — AL,
= (=20 (1=A (=AM, L)

hinges on whether 1 is an eigenvalue of

1

A= AM) T = |2 (- b)) (v

3In this context, the geometric series is usually referred to as Neumann series.
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5 Unbounded selfadjoint operators

This is again a rank-1 operator, and thus, we can read off the eigenvector

A Z1 s
wwzﬁ@—AMu) V) e LAR)

to its only non-zero eigenvalue. Moreover, we can compute this eigenvalue,
1 -1 1
(V17 2 =an) ™ v,
and this is equal to 1 if and only if u satisfies the self-consistent equation
A 1/2 —1 1/2
p=Glu) =5 <|V| (=AM TV >

Given that [|A M,|| < 1for A < 1 small enough, we can express (1 — A\ M,,) ! in terms
of (5.2.8). Keeping only the first term of the expansion (5.2.8), we approximate G by the
average of the potential

Gl =3 (VI V") +00%) = 5 [ de V@) + 002, 29)

Hence, G(p) = p has a solution ., provided ) is small enough; additionally any solution
to this equation satisfies =1 < C; A~! for some constant C; > 0 and A small.

Now that we know that a solution exists, we need to show uniqueness: Suppose we have
found two solutions 11 < p12. Then they both solve the self-consistent equation G(y;) =
i, and assuming for a moment that G is continuously differentiable in 1, we use the
fundamental theorem of calculus to obtain

|G (p2) — G(m)| =

H2
[ o)
n

1

|1 — |

< sup [0,G(w)] |2 — -
HE[p1,p2]

If we can show G is continuously differentiable and its derivative is bounded by 1/2 for A
small enough, then the above inequality reads |12 —ju1| < &|p2 —pa |. This is only possible
if ;11 = o, and the solution is unique.

To show the last bit, we note that M, and (1 — z) ! are real-analytic in 4 so that their
composition (1—\M,,) “lisalso real-analytic. The analyticity of M,, for u € C,Re yu > 0,
also yields the bound

0uM,| < Cop™ (5.2.10)

via the Cauchy integral formula, because the maximal radius of the circular contour is less
than p.

68



5.2 Selfadjoint operators

The derivative of the resolvent can be related to 0,, M, via the useful trick
. -1
0= 8,(id) = 9, (1= AM,) ™ (1= AM,,))
= 0,(1=AM,) " (1= AM,) +A(1-AM,) " 9,M,

which yields

)\2 1/o - — 1/9
0,600] = 5 (W17, (1= 300) " 0,0, (1= A5) ™ V1)

The right-hand side can be estimated with the help of the Cauchy-Schwarz inequality
2 1/212 —1]2 2
SRV |- A M) H 10, M,|| =: C5 A2 |0, M,,]|.
Combining (5.2.10) with =% < C; A~! (which we obtained from p = G(11)), we find
03 /\2 ||aMMH|| S 03 )\2 02 1171 S 010203 A

Put another way, we have deduced the bound |8,G(11)| < C A which means that for
small enough, we can ensure that the derivative is less than 1/2. Thus, the eigenvalue is
unique and we have shown the theorem. O

The min-max principle Now that we have established criteria for the existence of bound
states below the continuous spectrum for operators of the form H = — A, +V, we proceed
to find other ways to give estimates of their numerical values. Crucially, we shall always
assume H > c for some ¢ € R. Most of the methods of this chapter do not depend on the
particular form of the hamiltonian.

So let us assume we have established the existence of a ground state v, i. e. there exists an
eigenvalue Ey = info(H) < 0 = infoes(H) at the bottom of the spectrum, the ground
state energy, whose eigenfunction is ¢)g. Then simplest estimate is obtained by minimizing
the Rayleigh quotient

lwl>  fel?

for a family of trial wave functions (see also homework problem 54). Clearly, the Rayleigh
quotient is bounded from below by Fj for otherwise, Ey is not the infimum of the spec-
trum.
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Proposition 5.2.17 (The Rayleigh-Ritz principle) Let H with a densely defined, selfadjoint
operator which is bounded from below, i. e. there exists ¢ € R such that H > c. Then

(1, H)
)1

info(H) < (5.2.11)

holds for all » € H \ {0}.

A rigorous proof of this innocent-looking fact (see e. g. [RS78, Theorem XIII.1]) requires
machinery that is not yet available to us.
A non-obvious fact is that we can also give a lower bound on the ground state energy:

Theorem 5.2.18 (Temple’s inequality, Theorem XIIL.5 in [RS78]) Let H be a selfadjoint
operator that is bounded from below with ground state Ey € og;s.(H ). Suppose in addition Ey <
E1 where Ej is either the second eigenvalue (in case more eigenvalues exist) or the bottom of the
essential spectrum. Then for u € (Ey, E1) and ¢ with ||[¢|| = 1 and (¢, HY) < u, Temple’s
inequality holds:

(Y. H?%) — (4, HY)” vary(H)
H—WJ’HW M_<¢7Hw>
Temple’s inequality gives an energy window for the ground state energy: if ¢ is close to

the ground state wave function, then the right-hand side is also close to Ey. On the other
hand, one needs to know a lower bound on the second eigenvalue Fj.

Eo > (v, Hy) — = (v, Hy) —

Proof By assumption, E is an isolated eigenvalue of finite multiplicity (otherwise Foq =
E, = E, for all n € N), and thus the operator (H — Fy)(H — p) > 0 is non-negative:
the product is = 0 if applied to the ground state and > 0 otherwise because u < Ej.
Consequently,

(v, (H — p)Hy) > Eo (¢, (H — p)¢) (5.2.12)
holds which, combined with the hypothesis (v, (H — p)¢) < 0, yields

b, ) — (o, H2)
Eo = = g 1)

What about other bound states below the essential spectrum (the ionization threshold)?
Usually, we do not know whether and how many eigenvalues exist. Nevertheless, we can
define a sequence of non-decreasing real numbers that coincides with the eigenvalues if
they exist: the Rayleigh quotient suggests to use

O

Ey = inf JH
0= ep @iz PO
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as the definition of the ground state energy. Note that even if H does not have eigenvalues,
Ej is still well-defined and yields inf o (H) (use a Weyl sequence). A priori, we do not know
whether a Fj is an eigenvalue, so we do not know whether an eigenvector exists. However,
if Eyis an eigenvalue, then the eigenvector v, to the next eigenvalue F (if it exists) would
necessarily have to be orthogonal to ¢)g. Then the next eigenvalue satisfies

E, = su inf o, Hp) .
' woeD(H)\{0} PEP(H); [ ¢l=1 < )
we{po}t

It turns out that this is the good definition even if Ey & ogi.(H) is not an eigenvalue
of finite multiplicity, because then Ey = F;. Quite generally, the candidate for the nth
eigenvalue is

E, = su inf ,Hy) .
O1yerns %Iéz)(H) pED(H),|pll=1 (o, Heo)
(piap1) =651 PELP1pn )™t

Thus, we obtain a sequence of non-decreasing real numbers
Ey<E<Ey <.

which - if they exist - are the eigenvalues repeated according to their multiplicities. One
can show rigorously that if F,, = E,1 = E,12 = ..., then E,, = infoe(H) is the
bottom of the essential spectrum. Otherwise, the E,, < inf o.ss(H) are eigenvalues of finite
multiplicity. In that case, there are at most n eigenvalues below the essential spectrum.
One may object that quite generally, it is impossible to evaluate E,,. Here is where the
min-max principle comes into play: assume we have chosen n trial wave functions. Then
this family of trial wave functions is a good candidate for the first few eigenfunctions if

the eigenvalues \; of the matrix h := (<apj, H gpk>)
to the E;.

(ordered by size) are close
0<j,k<n—1

Theorem 5.2.19 (The min-max principle) Suppose H is a selfadjoint operator on the Hilbert
space H with domain D(H ). Moreover, assume H is bounded from below. Let {0, ..., ¢n—1} C
D(H) be an orthonormal system of n functions and consider the n x n matrix

h:= (<gaj, ngk>)

with eigenvalues Ao < A1 < ... < A,,_1. Then we have that

0<j,k<n—1

jS/\j VjZO,...,n—l.
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Proof We proceed by induction over & (which enumerates the eigenvalues of h): denote
the normalized eigenvector to the lowest eigenvalue A\ with vg = (vo,o, ... UO,n—l)- Then
the normalized vector x := Z?;OI vo,j ; satisfies

)\0 = <U05 hv0>(cn = <X0aHXO> > Ey

by the Rayleigh-Ritz principle.
Now assume we have shown that £, < X; holds foralll = 0,...,k < n — 2. Clearly,
the eigenvectors vy, . . ., vy, to h, and the space spanned by the corresponding normalized
n—1 . . .
Xt = D_j—g Vij ¢; is k + 1-dimensional. Hence, for any

n—1
X = Zw]X] e{XO)"'axk}l
7=0

with coefficients w € {vy, ..., v;} we obtain
<U}, hw) = <Xa HX> Z Ek:-l—l

because x is orthogonal to a k + 1-dimensional subspace of D(H). The left-hand side can
be minimized by setting w = v 1, the eigenvector to A1, and thus, Fx11 < Agy1. This
concludes the proof. o

One can use the min-max principle to make the following intuition rigorous: Assume one
is given an operator H(V) = —A, + V whose potential vanishes sufficiently rapidly at
00, and one knows that H (V') has a certain number of negative eigenvalues {E;(V)} ez,
Z C Ny. The decay conditions on V ensure oegs (H(V)) = [0,400). Thenif W < Visa
second potential of the same type, the min-max principle implies

E;(W) < E;(V).

In particular, H(W) has at least as many eigenvalues as H (V). This fact combined with
Theorem 5.2.16 immediately yields

Corollary 5.2.20 Suppose we are in the setting of Theorem 5.2.16. Then even if V does not have
a fixed sign, as long as [, dz V' (z) < 0 forall X > 0 the Schrédinger operator H = —02 + AV
has at least one eigenvalue E < 0.

5.2.3 Perturbations of selfadjoint operators

Earlier, we have discussed the spectral properties of the hamiltonian H¢ (5.2.4) which
describes a hydrogen atom. We have pretended to know that the hamilton operator for
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the hydrogen atom is selfadjoint - as if that is a foregone conclusion. So let us investigate
this question, and consider the operator

1 _ 1
Hei=—1A, —

equipped with domain D(H¢) := C2°(R? \ {0}). Here, we have excluded the origin be-
cause the Coulomb potential diverges at this point. So is H¢ essentially selfadjoint? Before
we proceed, let us note that we can rewrite H¢ in polar coordinates, and given that the
potential depends only on |z|, we obtain a free angular part and a Schrédinger operator
—302 — 7719, — r~! on the line R™ for the radial part - and the definition of operators
on the half line depends very delicately on the behavior at the boundary point 0.

Instead of checking the essential selfadjointness of Hc, we look at the simpler problem
of the selfadjointness of Hy := —1A, on C°(R? \ {0}) - and if that operator is not es-
sentially selfadjoint, then this indicates that H¢ cannot be essentially selfadjoint either.
According to the fundamental criterion we need to solve

_%Am¢i = $i¢pm>
1

because surely H; = —5A, should hold in a suitable sense. Later on, we need to show

that the solutions ¢ lie in the domain D(H{). Rewriting the above in polar coordinates
yields the equation

(=302 =71 0,) o1 (r) = FigL(r),
and one can check that

e—(lIi)r

¢i(r) =

r

are solutions. Evidently, ¢+ € L?(R?®) holds since the Coulomb singularity is locally L?
in three dimensions and the functions decay exponentially at co. However, we still need
to verify that ¢ € D(H): keeping in mind ¢/(0) = 0 for ¢p € C°(R? \ {0}) we can use
partial integration to obtain

(¢+, Hop) = —% /RS dz ¢4 (2) Azyp(x)

1 to (@ 2d 1
2—5/52‘1“’/0 dr ¢=(r) (dﬂ+rcivﬂ+r2Aw>w(r’w>

oo & 2d 1
/S2 dw/o dr <d7“2+7“d7“+7“2Aw de:(r)w(rvw)

+oo -
/ duw / dr Fi g2 (r) (r,w) = (Fips, v).
S2 0

N =

N =
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5 Unbounded selfadjoint operators

That means ¢ lie in the domain of the adjoint H and Hj ¢+ = Fi¢1. Hence, the defect
indices N1 > 1 are non-zero and the operator cannot be essentially selfadjoint. Conse-
quently, we reckon that also H¢ is not essentially selfadjoint, and a more careful analysis
bears this out. However, there exists a whole family of selfadjoint extensions, each of which
generates its own dynamics - and one can show that only one generates the dynamics ob-
served in nature.

The correct idea here is to think of the Coulomb potential as a perturbation of the kinetic
energy Hy = —3 A, with domain

HA(RY) = {p € P(RY) | — Aup € L2(RY)}.

For two reasons, this is problematic: first of all, we are adding the two unbounded opera-
tors Hy and —1/|z|, and we inevitably have to deal with domain questions. The second one
is of physical significance: we are adding the non-negative kinetic energy operator Hy > 0
to the non-positive attractive Coulomb potential —1/|z| < 0, will the sum be bounded from
below, i. e. Ho > —K for some K > 07 Physically, that is important, because if Hc were
not bounded from below, the hydrogen atom would not be stable! The hydrogen atom could
lose energy by radiating off photons ad infinitum, and the electron falls down the well. In
fact, this is what happens classically! Fortunately, the (quantum) hydrogen atom is stable,
because states with low potential energy (i. e. those increasingly localized around the ori-
gin) have to pay an increasing price in kinetic energy. One can see that the sum should be
bounded from below by the simple scaling argument made around equation (5.2.5): for A
the kinetic energy scales as A\? while the potential energy scales as ), i. e. kA2 —pX > const.
The way to solve both problems at the same time is as follows:

Definition 5.2.21 (Relative boundedness) Let A and B be two densely defined operators, and
suppose

(i) D(A) C D(B) and
(ii) there are constants a,b € R so that for all ¢ € D(A) we have
[Bell < a [[Apll + bl (5.2.13)
forall p € D(A).

Then B is A-bounded, and the infimum over all a which satisfy (5.2.13) is called the relative
bound. In case the relative bound is 0, then B is called infinitesimally A-bounded.

Note that in the above reducing the size of a usually requires one to make b larger.

Remark 5.2.22 Instead of (5.2.13), one can also use the equivalent condition
2 . 2 5
| Boll® < a* || Agll” + b* [l

to define relative boundedness, and yield also the same relative bound.
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5.2 Selfadjoint operators

Theorem 5.2.23 (Kato-Rellich) Let H beselfadjoint, and V' be symmetric and H-bounded with
relative bound o < 1. Then H + V equipped with domain D(H + V') = D(H) is selfajoint and
essentially selfadjoint on any core of H.

Proof We will show that ran (H + V = ijy) = H holds for some 119 > 0 and use the
fundamental criterion of selfajointness. Then the selfadjointness of ;Tlo (H+V)onD(H)
follows from the fundamental criterion of selfadjointness (Theorem 5.2.4), meaning that
in this case also H + V is selfadjoint on D(H).

For ¢ € D(H) and i > 0 we have again

I(H +ip)e|” = |He|? + 121 0]>

Since H is selfadjoint, the vector ¢ = (H + ip) !4 exists for all » € H, which leads
to |H (H + i)™t < 1and ||(H + ip)*|| < p! (Corollary 5.2.13). Plugging ¢ =
(H + ip)~ % into (5.2.13) yields the estimate

|V(H +ip) " || < a||H (H +ip) ") +b||(H +ip) "9 < (a+b/u) [l

Given that a < 1 and b is fixed we know that for sufficiently large i the operator norm of
T := V(H + ip) ! is necessarily less than 1. Hence, the inverse of id + 7T exists as the
bounded operator (id + 7))~ = >°>° (—1)"T™ (cf. problem 18 (iii)). That also means

ran (id + T') = H. Combined with one of the consequences of H* = H, namely ran (H +
ip) = H, and with the equation

(id+T) (H+ip)p = (H+V +iu)e, Vo € D(H),

we conclude ran (H + V +ip) = H. Analogously, we show ran (H +V — ip) = H.

It remains to show that H + V with domain D(H) is closed. But this follows from a
Cauchy sequence argument, the closedness of H and (5.2.13). Thus, H + V is selfadjoint
on D(H) by the Fundamental Criterion of Selfajointness 5.2.4.

Now let Dy C D(H)beacore of H. Thenusing (5.2.13) it is easy to show that T’ (H | Do) =
I'(H) impliesI'((H + V)|p,) = I'((H+V)|p(s)). And hence, any core of H is also a core
of H+V. ]

We will apply the Kato-Rellich Theorem to Schrédinger operators. While there are many
more general results than this one, these are usually harder to prove and - in view of
the hydrogen atom hamiltonian - not necessary here. Here, we view H = —A, + V
as perturbations of the free Schrédinger operator Hy := —A, whose domain D(Hy) :=
H?(R) is the 2nd Sobolev space:

Definition 5.2.24 (Sobolev space) We define H™ (R?) as the Hilbert space

H"R?) = {p e XRY) | F'VT+E" Fpe L*RY)}
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5 Unbounded selfadjoint operators

endowed with scalar product
(o ham = [ 4 (14 1) TR 7o)

where F : L?(R?) — L%(R?) is the Fourier transform.

In three dimensions, we will now prove a selfadjointness result which includes the Coulomb
potential:

Theorem 5.2.25 SupposeV € L?(R3)+ L>°(R3) (meaning V = V; +V, where V; € L?(R3)
and Vo € L°°(RR?)) is a real-valued function. Then V is infinitesimally H-bounded and hence,
the operator

H=-A,+V
equipped with domain D(H) = D(H,) = H?(R?) is selfadjoint.
The crucial estimate is the content of the following

Lemma 5.2.26 For every a > ( there exists b > 0 such that

lellze < al|Ase| . +bllellL: (5.2.14)
holds for all p € H?(R?).

Proof Using the Riemann-Lebesgue Lemma and the Cauchy-Schwarz inequality, we de-
duce

Il < @m)Y72 | Follpa = @m)F72 ||(1+ €)1 1+ €2)Fy)| .,
<Em) 1+ L |0+ E)Fe| L. -

Given that we are in three dimensions, || (1 + &%) 7! ||, , is finite. Moreover, the other factor
is finite by definition of H?(R?). Overall, we have shown

loll= < e(l€ Fell o + 174l ) (5.2.15)

where c is independent of . Now define ¢, (&) := A3 Fp(\E) for A > 0. Then this
scaling preserves the L!'-norm, ||¢x||;: = || F¢ll 1, but the two terms to the right of the
inequality scale differently, namely

[@all2 = A7 |1 Fel o
6 @all o = A7 1€ Fell -
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5.2 Selfadjoint operators

Plugged into (5.2.15) we obtain
lpllze < (2m) "7 [|@all <A™ ||€2 Fol| 1o + A | Feoll 2

and consequently, we can make the first constant cA~"/> as small as we would like (at the
expense of the second constant) by choosing A large enough. This finishes the proof.

Proof (Theorem 5.2.25) As a real-valued multiplication operator, V' defined on the max-
imal domain

D(V) = {p e L*R®%) | Vype L*(R%}

is symmetric (even selfadjoint). So let V = V; + V5 with V; € L?(R3) and V5 € L>°(R3).
Then for any p € H?(R?) we can use the splitting of the potential to obtain the estimate

Vel <IWallez [lellize + Vallze el 22,

which in view of Lemma 5.2.26 yields H2(R?) C D(V). In fact, for any a > 0 there exists
b > 0 such that

IVell2 < allVillzz [Hogllzz + (b + [[Vall =) ¢l 2

holds true, i. e. V is infinitesimally Hy-bounded. Then Kato-Rellich’s theorem 5.2.23 im-
plies H = —A, + V defines a selfadjoint operator on D(H) = H?(R3). o

Corollary 5.2.27 (§elfadjoigltness of hydrogen hamiltonian H¢) Inthreedimensions the
operator Ho = — 1A, — IEl defines a selfadjoint operator on D(H¢) = H?(R?).

T 2m

Proof We merely have to split the Coulomb potential into a contribution around the ori-
gin,

Vi(z) = {; lz| <1

0 z| > 1"
and a remainder V3 := V — Vj. Clearly, V; is bounded and V; is square-integrable in
three dimensions. That means Theorem 5.2.25 applies and H is selfadjoint on D(H¢) =
H?(R3). o
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Chapter 6

Functional calculus and
applications

The main purpose of this chapter is to attribute meaning to the expression f(H) for self-
adjoint operators H and suitable functions f : R — C. For hermitian n x n matrices
H with eigenvalues E; € o(H) and associated projections P; onto the eigenspaces, the
answer is

$UH) = 37 H(E) P,

There are several complications we need to overcome;

(i) The spectrum of hermitian n x n matrices is finite and purely discrete, i. e. finitely
many eigenvalues of finite multiplicity.

(ii) Matrices define bounded operators.

(iii) Operators on infinite-dimensional spaces may have continuous spectrum, meaning
there exist no eigenfunctions in the Hilbert space. Hence, it is not clear in what sense
the associated projections exist.

The most important examples for functions are f(\) = e * to define the unitary evolu-
tion group. Spectral projections are defined in terms of characteristic functions

we=fy 2ok

which are constant and equal to 1 on some A C R and are 0 outside of A. And often
smoothened characteristic functions are considered.
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6 Functional calculus and applications

6.1 Functional calculus

Before we begin with the functional calculus itself, we will briefly recap measure theory, a
necessary prerequisite if one wants to correctly understand all the mathematical objects.

6.1.1 Primer on measure theory

To understand functional calculus, one needs a bit of measure theory. So we will give a
very quick primer on measure theory, partly to fix notation, partly to introduce the most
important concepts. For a proper introduction we refer the interested reader to [LLO1,
Chapter 1] and references therein.

Definition 6.1.1 (o algebra and measurable space) Let Q) be aset and X C P()) where
P(R) is the power set of €, i. e. the set of all subsets. If

(i) Ve,
(i) AeX=Q\A e, and
(ii) A1, As,...eX=U0 A, €Y

then X is called a o algebra. The pair (2, X) is called measurable space, and elements of 3 are
measurable sets.

One easily sees from the definition that countable intersections of measurable sets are
again measurable, and that € ¥. Moreover, arbitrary intersections [,,.; ,, of o al-
gebras ¥, C P(2) are again o algebras. Since the power set P(Q) itself is a o algebra,
to each E € P(Q) there exists a smallest o algebra o(E) which contains E. This is the o
algebra generated by E. In case (Q is a metric space, the o algebra generated by the open
sets is called Borel-o algebra.

A measure u on a measurable space (2, ) associates a non-negative number to each
measurable set A € 3:

Definition 6.1.2 (Measure and measure space) Let (Q,Y) be a measurable space. A map
Y — [0,400) U {+00} is called measure if

(i) u(®) =0and

(i) wis o-additive, i. e. for all pairwise disjoint A1, Ao, ... € ¥ we have
n=1 n=1

The triple (2, X, 1) is called measure space. In case 11(€)) < 0o, the measure is called finite, and
if 1(QY) = 1, pis a probability measure.
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6.1 Functional calculus

IfQ = J,~, A, can be seen as the countable union of sets of finite measure, ;(A,) < co
for all n € N, then p is called o-finite. The prototypical example is the measure space
(R, B(R), \) where B(R) is the Borel-o algebra on R and X the Lebesgue measure. Obvi-
ously, X is not finite, but it is o-finite.

Definition 6.1.3 (Measurable function) Let (Q,,%;), j = 1,2, be measurable spaces. A
function f : Q1 — Qo is called measurable if and only if preimages of measurable sets are
measurable, i.e. f~1(B) € ¥y forall B € X,.

For a given measure space (2,3, i) one can construct a notion of integration, and the
construction mimics that of L' (R%): first, one defines simple functions

f@) =3¢ 1a, ()
j=1

where the A; € ¥ are measurable sets and 1, the indicator function for A;, and then
defines

/duf =D ¢ u(dy).
Q =

Because any measurable function f can be approximated arbitrarily well by simple func-
tions from below, we can define the integral via the limit procedure

/ dp f := lim du frn
Q n—oo Q

where each of the f,, is a simple function. That gives rise to spaces such as L'(2), L2(£2)
and L*>°((2), e. g. a measurable function f : Q@ — Cis in L*(Q) if and only if

||fHL1(Q) = /Qd,u |f] < oc.

Similarly, one can define
L*(Q) = {f :  — C measurable | [, du |f(u)]* < oo}
and endow it with a scalar product
Fshiny = [ dnF@rale)

In case y is o-finite, one can show that L?(Q) is separable. 2014.11.07
There is a very fundamental theorem about Borel measures on R:

81



6 Functional calculus and applications

Theorem 6.1.4 (Decomposition of Borel measures) AnyBorel measure yonR can be uniquely
decomposed

= ppp + flac + [sc

into a point measure ji,p, an absolutely continuous measure ji,c and a singularly continuous mea-
sure fisc.

The prototypical point measure is the Dirac measure 6(- — y) for which

/ 45z — y) f(z) = F(w).
R

A measure is absolutely continuous if there exists a density p(x) (which is an absolutely
continuous function, cf. [Tes09, Chapter 2.7]) so that

djtac (@) = p(a) de

Finally, singularly continuous measures are those which are not point measures (meaning
psc({z}) = 0 for all z € R) and for which there exists a measurable set S € B(R) so
that ps.(S) = 0but A(R\ S) = 0 (X being the Lebesgue measure). For most physical
application, though, ps. = 0.

6.1.2 Herglotz functions

One way to define functional calculus is by means of Herglotz functions, i. e. holomorphic
functions F' : C* — C™* which map the upper complex half plane into itself. This is
because the expectation values of resolvents of selfadjoint operators H are Herglotz functions:
clearly, the function

Fy(z) == (¢, (H — 2)"'9) (6.1.1)

is holomorphic on the upper half plane C* because o(H) C R (Theorem 5.2.11) and (H —
2)~! can be locally expanded around a zy € C* in terms of (H —z;)~!. Hence, for z € C*
(i. e. Im z > 0), we deduce that F); is well-defined on C*

Iv1®

o) <[l - 27 ol < 1T

where the last equality is due to the resolvent estimate (5.2.3). Moreover, ((H —z)~') Y=
(H — z)~! implies
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6.1 Functional calculus

This, combined with the resolvent identity
(H=2)'—(H-2)"=(-2)(H-2)"" (H-2)"

yields that F;, maps C* to C* as long as ¢ # 0,
1 —— _ 2
Im Fy(z) = E(Fw(z)—Fw(z)) =Imz|[(H —2)""y||” > 0.

Now the representation theorem for Herglotz functions (see Theorem 6.1.6 below) entails
that there exists a unique Borel measure (1,,(z) on R called the spectral measure of H asso-
ciated with 1) such that

Fole) = [ s 0= 2)7"

We will give two different representation theorems for Herglotz functions, the first of
which can be found in [DK05, Chapter 1.4].

Theorem 6.1.5 (Representation theorem 1 for Herglotz functions) Any Herglotz function
F : Ct — C* admits the representation

F(z)=a2+b+/Rdu(A) <A1_Z—1+AA2>

with some a > 0, b € R, and a Borel measure 1 on R satisfying [, dpu(X) (1 + A?)~! < co. The
measure can be recovered from F' via

A2

1 .1 .
5(#()‘1,>\2)+M([A17}\2D) :Eh\%; N dAIm F(A + ie)

Herglotz functions naturally arise in spectral theory as the Borel-Stieltjes transformation

du(\)
F = —_— 6.1.2
(= | (6.12)
of finite Borel measures © on R, and the relation between the two can be summed up as
follows: 2014.11.11

Theorem 6.1.6 (Representation theorem 2 for Herglotz functions ([Tes09])) The Borel-
Stieltjes transform of any finite Borel measure (. is a Herglotz function satisfying

HR)

F <
F() < £

, zeCt.
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6 Functional calculus and applications

Conversely, if F' is a Herglotz function satisfying

C
F < —
‘ (Z)|_ Imz

on C* for some C' > 0, then there exists a unique Borel measure ;1 with 1(R) < C and F is its
Borel-Stieltjes transform.

With these pieces in hand, we can proceed to define functional calculus.

6.1.3 Functional calculus and the spectral theorem

This subsection will introduce and prove the two main theorems of this Chapter: functional
calculus for selfadjoint operators and the spectral theorem. From the previous Chapter, we
know that to any selfadjoint operator H and ¢y € H there exists a bounded Borel mea-
sure /i, on R which is related to F,(z) = (¢, (H — 2)~'4) via the Borel-Stieltjes trans-
form (6.1.2). With the help of the polarization identity,

(o, (H=2)""p) =
= (e + o). (=27 0+ ) + (o= 0), (- )Mo - 9))+

4
—i (e +iv), (H =27 o+ ) =i ((p i), (H =) (e = ),
(6.1.3)

we can define a complex finite Borel measure 1, ,, such that

(onlt=270) = [ A (A=)

For any bounded Borel function f : R — C this complex finite Borel measure, in turn,
uniquely defines a bounded operator f(H): given that for bounded Borel functions the
integral

) 1= [ Ao £
exists, we can use polarization to define

(o, F(H) = / djio () FN) (6.1.4)

where ji,, 4 is the complex finite Borel measure defined above. As indicated by the nota-
tion, the existence of the matrix elements combined with an estimate of the form

(o, FCHDP)| < Cllel 1] (6.1.5)
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6.1 Functional calculus

suffices to show the existence of f(H) as a bounded operator (see e. g. [Tes09, Corol-
lary 1.9]):

Lemma 6.1.7 To each bounded Borel function f : R — C there exists a unique bounded op-
erator f(H) such that (6.1.4) holds. Moreover, we can bound the operator norm by || f(H)|| <

(£l o

Proof First of all, operators f(H ) are uniquely determined by their “diagonal matrix ele-
ments”, meaning if we can show |s¢(1)| < C||+||? for some C' > 0, then also the sesquilin-
ear form s (i, 1) obtained by polarization (see (6.1.3)) satisfies

|50, 0)| < Cllell 1]

for some constant C’ > 0. The estimate for diagonal elements is straightforward, though,
because the Representation Theorem 6.1.6 tells us that 1., (R) = ||¢||* and thus, we obtain

|ss(¥)] < /Rduw(A) [FO] < 1fllzoe pp (R) = [[fllz= [l

forally € H. Then [Tes09, Corollary 1.9] states there exists a unique and bounded operator
which we will denote with f(H) so that

sp(p, ) = (o, F(H)Y) -

This finishes the proof. O

The first main theorem, the functional calculus characterizes properties of this operator
f(H):

Theorem 6.1.8 (Functional Calculus for selfadjoint operators) Let H be a selfadjoint op-
erator on a Hilbert space H, and suppose f and g are bounded Borel functions. Then the operator
f(H) constructed in Lemma 6.1.7 has the following properties:

(i) Themap f — f(H) from the bounded Borel functions to B(H.) is a x-homomorphism, i. e.

(f tag)(H) = f(H) +ag(H),
(f9)(H) = f(H)g(H),
Ir(H) = idy,
J(H)* = f(H)

(i) If fn(z) — f(x) pointwise, and if the sequence || f | ;. () is bounded, then f,,(H) con-
verges to f(H ) strongly (cf. Definition 4.3.2).

(iii) If Hp = B, then f(H)¢ = f(E) .
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6 Functional calculus and applications

() f=0=f(H)=0

(v) Ifinaddition f € C(o(H)), then || f(H)|| = /\su(pH)|f()\)‘.
co

There are many ways to prove this theorem, and we will choose one which only relies on
the representation theorem for Herglotz functions and the second main result, the Spectral
Theorem. The important ingredient is the notion of projection-valued measure.

Definition 6.1.9 (Projection-valued measure) A family of orthogonal projection { P(A)} in-
dexed by the Borel measurable sets A € B(R) on a Hilbert space H is called projection-valued
measure (or PVM for short) if and only if the following hold:

(i) P(0) =0and P(R) =1
(ii) P(A1) P(A2) = P(A1NAy)

(iii) IfA = Uff:l A, is the union of pairwise disjoint Borel measurable sets A,,, then we have

P —S-NIEHDOZP

where s- lim denotes the strong limit of operators (cf. Definition 4.3.2).

Given a projection-valued measure, we will see (as part of the Spectral Theorem) that we
can define a selfadjoint operator

H:= [ dP(A) )X 1.
/R (A) (6.1.6)
with domain
D(H) = {ap €EH | /R<gp,dP(A)cp> N < oo}. (6.1.7)

On the other hand, a selfadjoint operator uniquely defines a projection-valued measure
via equation (6.1.4): Let A be any Borel set and 1, the associated characteristic function.
Evidently, 1, is bounded, and consequently, the operator

P(A) :=1,(H) (6.1.8)
exists and is bounded by Lemma 6.1.7.

Lemma 6.1.10 The family of operators P(A) defined by equation (6.1.8) is a projection-valued
measure.
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6.1 Functional calculus

Proof Let us abbreviate the resolvent with R(z) := (H — 2)~! and pick A1, Ay € B(R)
as well as two vectors ¢, 1) € H. We will prove P(A1) P(A2) = P(A; N Az) in two steps:
first of all, relying on Representation Theorem 6.1.6 and the first resolvent identity

(H = 2) ™ = (H — ) = (2= ) (H = 2) " (H — ),
we obtain

[ e 0= )7 = (R, BE) = (9 R REW)
1

= —— (¢ RE) — (0. RE))

Z—Z

1 1 1
:/Rd”*”’”’(/\)z—Z’ ()\z_/\z’)

— [dnea =2 A=)
R

This implies that

dir(z)pm(A) = (A= 2) 7" dpg p(A). (6.1.9)

So the idea is to insert resolvents in order to be able to invoke the Representation Theo-
rem 6.1.6 again: for any Borel measurable set A, we can now use the relation (6.1.9) once
more to deduce 15 () duy 4 (A) = ditg, peayy(A) from

/R Aty piays (V) (3 — )71 = (9, R(2) PA)) = (R(2)p, P(A))
dMR(Z)ww ) 1a(A /dﬂw JIA() (A= 2)7

Now P(A1) P(As) = P(Ay N Ay) follows from the obvious equality 15, 1, = 15,04, On
the level of functions. Moreover, choosing A = A; = As tells us that P(A) is a projection.

To see P(R) = idy, pick ¢ € ker P(R). But then from 11,,(R) = [|¢||* (Theorem 6.1.6)
and

0= (¥, P(R)Y) = py(R) = |||

we deduce 1) = 0, and consequently, P(R) = idy.
Suppose A = |J;~_; A,, is the union of mutually disjoint sets, A; N A, = 0 for all j # n.
Then

N N
ST, Pa ) =D ip(An) T2 (1, P(A)Y) = py(A)
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converges to p,; (A) by the o-additivity of 1i,,. Hence, P(A) is weakly o-additive, and thus,
also strongly o-additive since

(¥, P(A)y) = (P(M)g, P(M)). O

The Spectral Theorem states that there is a one-to-one correspondence between selfad-
joint operators and projection-valued measures:

Theorem 6.1.11 (Spectral theorem) There is a one-to-one correspondence between selfadjoint
operators H and projection-valued measures P(A) = 15(H), A € B(R), called the spectral
measure, and we have

H:/RdP(A)A (6.1.10)

where D(H) coincides with the right-hand side of equation (6.1.7).
On the other hand, any projection-valued measure defines a selfadjoint operator via (6.1.6) whose
domain D(H) is given by (6.1.7).

Proof “=-:" Assume we are given a selfadjoint operator H = H*. Then by Lemma 6.1.10
P(A) := 1o (H) defines a projection-valued measure. Moreover, D(H ) coincides with the
right-hand side of (6.1.7): if

9N = D510, (N

is anon-decreasing sequence of simple functions which converges to g(\) = X from below,
i.e.0<gn(A) <gni1(N) < Xandlim,, o gn(A) = A, then

(. an(H)9) = 365 o1, (1)) = [ (0,dPO)R) n () 225 [ (0.dPO)) A

by Monotone Convergence for ¢ € D(H). Consequently, the two definitions of the domain
coincide.

“«<:” Now suppose we are given a projection-valued measure A — P(A), and define
H as above in equation (6.1.10) endowed with domain (6.1.7). Reading some of the above
arguments involving the domain in reverse, we deduce that H : D(H) — H is well-
defined. Moreover, approximating H by simple functions from below as above also yields
that H is symmetric.

The only thing that remains is selfadjointness, and in view of the Fundamental Crite-
rion 5.2.4 it suffices to show ran (H =+ i) = . But this follows from observing that H + i
is injective, because

I(H £ )| = llell?
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6.1 Functional calculus

holds on D(H), meaning H + i is invertible on ran (H £ i) C H. Moreover, H + i is also
surjective since the inverse is defined as a bounded operator via

(H+i)" = /RdP()\) (A1) : H — D(H).

That finishes the proof. O 2014.11.14

With the help of the Spectral Theorem, we can prove all parts of Theorem 6.1.8 but the
last one. We will postpone a proof to Theorem 6.2.4 below.

Proof (Theorem 6.1.8) The operators f(H ) is well-defined and bounded by Lemma 6.1.7.

(i) with the exception of (f g)(H) = f(H) g(H), all of the other equalities follow di-
rectly from the definition. To see the remaining equality, we note that (f g)(H) =
f(H) g(H) holds for simple functions since P(A;) P(A2) = P(A; N Az). To show
this equality for arbitrary bounded, measurable functions, one approximates f and
g by simple functions and then takes the limit. This gives meaning to the following
formal manipulation:

ﬂmﬂm=<AMMUOO<AM%WﬂM)
= [ [ 4Py aP) £ 5(x)

(i) That follows from the fact that P(A) = 1,(H) is a projection-valued measure, and
defining property (iii) of projection-valued measures.

(iii) Forany Borelset A which contains E, we have P(A)y = 1. Consequently, P({E})y =
1) and the Spectral Theorem yields

ﬂmw:AﬂM&MW:ﬂEw

(iv) The proof is immediate.

(v) In case f is real-valued, this is a consequence of Theorem 6.2.4 below which states

flo(H)) = o(f(H)).
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6 Functional calculus and applications

The upper bound, || f(H)|| < || flo(m) ||Loo , is obtained from Lemma 6.1.7 and Corol-
lary 6.2.2: the latter implies that

(H)= [ dP(\) f()\) = dP(\) f(A
s = [apoy s = [ apo) g0,
meaning that only the values of f on o(H) matter.

The lower bound is deduced from a Weyl sequence argument: let us define

E= sup‘a(f(H))‘ = sup]f(a(H))’.

Consequently, for all ¢ > 0 there exists a A € R so that |f(\)| € (E — ¢, E]. While
the sign of f(\) could be positive or negative, let us assume without loss of generality
that in fact f(\) = | f()\)]| (the case where — f(\) = | f()\)| is analogous). Then by the
Weyl criterion there exists a Weyl sequence {¢,, } nen to f(A),

[f(H ) — (B = e)u|| = 0,
for which evidently
E—e< lim |[f(H)pnl| = f(N) < If(H)]

n—oo

holds. Given that € can be chosen to be arbitrarily small, we have also shown the
lower bound.

For complex-valued functions the proof is slightly more elaborate, and relies on an
extension of functional calculus to bounded normal operators. (An operator T is
normal if and only if T’ and its adjoint 7* commute.) O

6.2 Fundamental properties

The Spectral Theorem 6.1.11 links selfadjoint operators to (projection-valued) measures.
This suggests to transfer notions from measure theory to selfadjoint operators. Moreover,
we will discuss where projection-valued measures appear in the physics literature.

6.2.1 Relation between spectrum and projection-valued measure

First of all, the spectrum as a set has a characterization in terms of the projection-valued
measure:

Proposition 6.2.1 For a selfadjoint operator H its spectrum is characterized by

a(H):{/\eR | P(()\—a,/\+5))7éOV6>O}.
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6.2 Fundamental properties

A simple consequence is that selfadjoint operators H are uniquely determined by their
PVM on their spectrum:

Corollary 6.2.2 For any selfadjoint operator H, the projection-valued measure P(A) = 15 (H)
is completely determined on o(H), i. e. we have P(R N p(H)) = 0 and P(o(H)) = idy.

The proof needs a weak version of the Weyl criterion: while we do not get an if and only if
statement, the existence of a Weyl sequence for some A € R implies A € o(H ). On the plus
side, the proof only relies on a simple estimate and does not involve the projection-valued
measure.

Lemma 6.2.3 (Weak Weyl Criterion) Let A be a densely defined, closed operator with domain
D(A). We have z € o(A) if there exists a sequence 1, € D(A) such that ||| = 1 and
limy, o0 |[ (A — 2)¢n|| = 0. Such a sequence is called a Weyl sequence.

Proof Let {t,},cn be a Weyl sequence to 2z € C. If z € p(A), then (A — 2) ! existsas a
bounded operator, and consequently, we can deduce this contradiction:

L= [gull = [|(4 =27 (A= 29
< [[(A =214 = 2| == 0

Hence, z is in the spectrum, z € o(A). O

Proof (Proposition 6.2.1) Take A, := (Ao — 1/n, Ao + 1/n) and suppose P(A,,) # 0 for
alln € N, For each n € N we can find a normalized vector ¢,, € P(A,)H. Then in view
of the estimate

i

1 = 20)a* = || (E = 20) P(80)85 ;-

2 /R iy, (M) 1a, () (A= 20)* < =

we arrive at the conclusion that {¢,, } is a Weyl sequence, and thus, A € o(H) by the weak
Weyl criterion Lemma 6.2.3.
Conversely, if P((Ao — €, Ao + €)) = 0, we define the function

fo(N) = 1g\(ro—erote)(A) (A= Xg) 7

Then using Functional Calculus 6.1.8 combined with the assumption P ((Ag—¢, Ao+¢)) = 0
yields

(H - )‘0) fs(H) = ((A - >\O) fe)(H) = I]R\(Ao—a)\o-i-e) (H) = id?—l-

Analogously, we obtain f.(H) (H — \o) = idp(z) which means Ay € p(H). O
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6 Functional calculus and applications

The characterization of the spectrum in terms of the projection-valued measure also yields
arelationship between the spectrum of H and f(H) assuming that f is continuous on the
spectrum. There are weaker versions of this statement (cf. e. g. [Tes09, Lemma 3.12]) which
work also for functions which are just measurable.

Theorem 6.2.4 Let H be a selfadjoint operator and f be a measurable, real-valued function that

is continuous on o(H). Then o (f(H)) = f(c(H)) where the closure can be dropped if o (H ) is
bounded.

This Theorem also yields the proof of Theorem 6.1.8 (v) for the special case of real-valued
functions: the upper bound, || f(H)| < || f|| > is obtained from Lemma 6.1.7 while the
lower bound is deduced from an argument involving Weyl sequences.

Proof Because f is real-valued, not only H but also f(H) is selfadjoint. Hence, the Spec-
tral Theorem 6.1.11 applies to both of them, and we can write f(H) in two ways,

J(H) = / Ly T 7 = / oy )

once, in terms of the PVM of H and also in terms of the PVM of f(H). In both cases, the
support of the PVM is the spectrum (Theorem 6.2.1), and thus writing the spectrum of
f(H) can be characterized in two ways, namely

o(f(H) = {XER | 10 cnie)(F(H)) #0 ¥e >0}

= {/\ eR | lf—l((A,E’)\+E))(H) #O Ve > 0} (6.2.1)
At this point we only get the inclusion o (f(H)) C f(o(H)) rather than equality, because
theset A. = f~'((A—¢, A\ +¢)) could have measure 0 according to the projection-valued
measure, i. e. 15 (H) = 0 where A, is as above.
To show the opposite inclusion, we need to make use of the continuity: f € C(o(H))
means the preimage

TR —e, fA) +e)) 2 (A=6,1+4), § <1,

of an e-neighborhood of f()) contains an open interval around A. Combining this with
equation (6.2.1) yields that if A € o(H) then also f(\) € o(f(H)). Hence, we have also

shown o (f(H)) 2 f(o(H)). 0

6.2.2 Distinction between spectral types

The Lebesgue decomposition of measures (Theorem 6.1.4) also yields a natural distinction
between different spectral types:
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6.2 Fundamental properties

Definition 6.2.5 Let H be a selfadjoint operator on a Hilbert space H. Then we define pure
point, absolutely continuous and singularly continuous subspaces as

Hpp = {1 € H | py is a point measure},
Hac = {t) € H | py is an absolutely continuous measure },

Hoe = {0 € H | py is asingularly continuous measure },

where ju,, is the measure from (6.1.2).

Given that any Borel measure on R splits into these three contributions, the Hilbert space
H splits into the direct sum of these three subspaces. For a proof, we refer to [RS72, The-
orem VIL4].

Theorem 6.2.6 Let H be a selfadjoint operator on a Hilbert space H. Then the Hilbert space
H = pr S Hac S3) 7'[sc
decomposes into pure point, absolutely continuous and singularly continuous subspaces.

This decomposition of the Hilbert space yields a third decomposition of the spectrum o (H).

Definition 6.2.7 (Pure point, ac and sc spectrum) For a selfadjoint operator H on a Hilbert
space H, we define pure point, absolutely continuous and singularly continuous spectrum as

opp(H) = U(H|pr)7
UaC(H) = U<H|pr)’
ose(H) = 0(H|n,,)-

These three sets need not be disjoint. To understand this decomposition better, we recap
the other two spectral decompositions that have been introduced in Definition 4.1.6 and
Theorems 5.2.8-5.2.9:

o(H)=0p(H)Uo(H)Uow(H) =0p(H)Uo(H)
= Udisc(H> U O'ess(H)
= opp(H) Uoac(H)Uos(H)
First of all, for selfadjoint operators the residual spectrum is empty, so only the point and
the continuous spectrum remain. The second decomposition consists of discrete spectrum

(eigenvalues of finite multiplicity) and the remainder, the essential spectrum. These spec-
tral components are related: the discrete, point and pure point spectrum are all nested,

odisc(H) C Up(H) c Upp(H) = Up(H)a
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6 Functional calculus and applications

but they need not be equal: o,(H) may contain eigenvalues of infinite multiplicity, and by
definitions these are part of the essential spectrum. The energy levels of the Landau hamil-
tonian are infinitely degenerate and contribute to the essential rather than the discrete
spectrum. Moreover, accumulation points in o, (H ) need not be contained in it (the point
spectrum need not be closed). One physical example where this occurs is the point 0 for
the spectrum of the hydrogen hamiltonian H: while 0 is not an eigenvalue, 0 ¢ op,(H), it
is nevertheless the accumulation point of the energy levels below 0, and thus, 0 € o, (H).
States associated to o, (H), i. e. linear combinations of eigenfunctions, are bound states,
because they remain localized under time evolution.

Similarly, one obtains an inclusion of continuous, absolutely continuous (ac), singularly
continuous (sc) and essential spectrum:

Uc(H) = Uac(H) U Usc(H) - UeSS(H)

Wave functions associated to o,.(H) are scattering states, because in case of H = L?(R%)
over time such states leave any bounded subset A C R?. While this is false for states
associated to o (H ), in most physical situations one can prove that H,. = {0}, and thus,
any state is either a bound state or a scattering state.

6.2.3 Physical interpretation

To link these notions back to physics, let us start with the Spectral Theorem 6.1.11 which
states that a selfadjoint operator can be thought of as

H= / dP(\) A
o(H)

where the projection-valued measure P(A) has a concise physical interpretation. In fact
H is uniquely determined by its projection-valued measure (that is the content of the Spectral
Theorem 6.1.11), and consequently, on the level of mathematics it is a matter of taste
whether to speak of projection-valued measures or selfadjoint operators.

On the level of physics, selfadjoint operators H can be seen bookkeeping devices for ide-
alized experiments which keep track of outcomes of measurements and statistics. Not only
energy, but also other observables such as position, momentum and angular momentum
are important.

(i) The spectrum o(H) is the set of possible outcomes of measurements.

(ii) The projection-valued measure contains the statistics of the experiment, meaning
that given a pure state ¢, the probability to measure an outcome ) in a “window”
A C R is given by

P(A € Alp) = pp(A) = / dip(N) = / (o2 1an(H)0) = (0, P(A)0)
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6.3 Stone’s theorem and the quantum time evolution

where /1, is the Borel measure from equation (6.1.2).

(iii) Expectation values, i. e. the statistical average of the outcome of an experiment if it
is repeated often enough, is computed via the expectation value,

E (H) = (¢, He) :/Rw, Lax(H)p) A = <<P7/R>\1d)\(H)<P>-

Physicists use projection-valued measures when they speak of resolutions of the identity, and
to keep things simple, let us consider the case # = L?(R). Observables such as position
Q@ = % and momentum P = —id, define selfadjoint operators, and these operators have
purely absolutely continuous spectrum,

0(Q) =0ac(Q) =R =
Upp(Q) =0

Hence, (Q and P do not have eigenfunctions in L?(R), and a discrete resolution of the
identity

oo
idLQ(]R) = Z |50n><90n|
n=1

composed of eigenfunctions does not exist. Nevertheless, physicists write (see e. g. [Sak94,
pp. 41-46))

id ) = /R dz |2)(z]

where |z) is a “pseudoeigenfunction”. Comparing this to equation (6.1.10), we see that
dx |z) (x| is just the projection-valued measure dP(z) = 14, (%)!

6.3 Stone’s theorem and the quantum time evolution

One important application of functional calculus is the rigorous definition of the unitary
time evolution e "/ and other unitary one-parameter groups generated by selfadjoint
operators such as translations in real or momentum space. As indicated already in Chap-
ter 4.3.2, especially Theorem 4.3.5, there exists a one-to-one relationship between selfad-
joint operators and unitary evolution groups:

Theorem 6.3.1 (Stone) To every strongly continuous one-parameter unitary group ¢ — U (t)
on a Hilbert space H, there exists a selfadjoint operator H = H* which generates U (t) = e~ 14,
Conversely, every selfadjoint operator H generates the unitary evolution group U (t) = e~ *H,

95

2014.11.21



2014.11.25

6 Functional calculus and applications

While a complete proof is easily within our means, we skip the details to one directions
because spelling out these ideas is a tad technical.

Proof “=-:" Suppose we are given a selfadjoint operator H with dense domain D(H) C
H. Then we define the bounded operator U(t) := e *H in terms of functional calculus
associated to the function \ — e~ ** € C>°(R) N L>°(R). We have to verify that U (t) is a
strongly continuous unitary evolution group:

(i) Clearly, U(0) = 1g(H) = idy and from f(H)* = f(H) we deduce that U(t)* =
U(—t).

(i) U(t)U(s) = U(t + s) follows immediately from f(H) g(H) = (f g)(H) (functional
calculus) and e 1*A e 152 = e~ 1(t+5)A o the level of functions. Hence, we deduce that
U(—t) =U(t)~! = U(t)* is unitary.

(iii) By (ii) it suffices to check strong continuity of ¢ — U(t) at ¢ = 0 only: The spectral
theorem allows us to express

e o=l = [ (o.dP)R) e <1

, Evidently, le”1* — 1|2 < 2 holds and

in terms of [e 71 — 1

—i 2 t—0
lt)\_1| — 0

le

converges to 0 for all A € R pointwise, and thus, lim,_,o|le "¢ — ¢|| = 0 for all

¢ € H follows from Dominated Convergence.

(iv) Again, it suffices to take the derivative at t = 0. The fact that ¢)(t) = e~y for
¢ € D(H) satisfies the Schrédinger equation follows [e™* — 1| < ||, writing out
the time-derivative as a difference quotient and the observation from the Spectral
Theorem that the domain of H coincides with the set

{tp €M | / (0, dP(A\)p) A2 < oo}.
R
“«=:" Given a unitary evolution group, we can recover its generator by computing

.d
H()Lp = I&U(t)gﬁ

t=0

on a suitable subset of “nice” vectors, i. e.

¢ € D(Hy) C {<p eH | idUR)pe H}
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6.4 Other approaches to functional calculus

One needs to show that D(Hy) lies densely in #, that Hj is symmetric and finally use the
Fundamental Criterion of Selfadjointness to prove that Hy is indeed essentially selfadjoint.
The generator is then the unique selfadjoint extension H = Hj. Spelling out these ideas
is not difficult, albeit a bit technical. Thus, we refer the interested reader to the proof of
[RS72, Theorem VIIL8] for details. O

Now that we know how the quantum time evolution is defined, let us take a moment to
compare a perturbed quantum system defined through H. = Hy + €V with its unper-
turbed cousin. That is particularly important because almost none of the systems one
encounters in “real life” have closed-form solutions, so it is immediate to study pertur-
bations of known systems first. The physics literature usually contents itself studying
approximations of eigenvalues of the hamiltonian, but the more fundamental question is
what happens to the dynamics? In other words, does H. ~ H, imply e~/ ~ e~1tHo_ The
answer is yes and uses a very, very nifty trick, the Duhamel formula.

Theorem 6.3.2 (Duhamel) Let Hyand H. = H + €V be two selfadjoint operators defined on
a common domain, and suppose that V' defines a bounded operator on H. Then the two evolutions
are e-close in norm,

—itH. —itHy

IE —e =0(elt]). (6.3.1)

sy

Note that this error estimate holds for all times, because quantum mechanics is a linear
theory (as opposed to, say, classical mechanics).

Proof The idea is to write the difference

. . t d . .
(e—ltHE _ e_‘tHO)tp — / dS di (e—lsHE e—l(t—s)Ho)w
0 S

t
=i / dse *H: (H. — Hy) e (=) Ho
0

¢
= —ai/ dseieHe 7 gmilt=s)Ho
0

as the integral of a total derivative for some ¢ € D(H.) = D(Hy). We have proven in
Theorem 4.3.5 (i) that the domain is left invariant by e 7(*=5)70 5o that the derivative with
respect to s exists in the strong sense. Consequently, the integrand is bounded in norm
by e ||Vl 5(3) [llla for all s € [0,¢], and by density of D(H.) = D(Ho) € H we obtain
equation (6.3.1). O

6.4 Other approaches to functional calculus

The approach to functional calculus presented here is by no means the only one, three
other popular ones are holomorphic functional calculus [Dav95], functional calculus via the

97



6 Functional calculus and applications

heat semigroup of selfadjoint operators which are bounded from below [Dav95], and the
“multiplication operator form” of the spectral theorem (which as shown in Chapter 6.1.3
implies the functional calculus) [RS72, Theorem VIL3]. There are at times subtle differ-
ences between them in the classes of functions and the types operators for which they
hold. However, if more than one method can be used, the resulting operators necessarily
need to agree.

For instance, suppose we are interested in a relevant part of the spectrum o, C o(H)
of some selfadjoint operator H, and that the relevant part of the spectrum is separated
from the remainder by a spectral gap,

dist(arehJ(H) \O’rel) > 0.

Then we can express 1, (H) as a contour integral with respect to the resolvent,

1 -1
P.—Qﬂ/rdz(H 21,

where T" is a contour which encloses only o,. P is called Riesz projection. There is a lot of
freedom in the choice of contour, because just like in complex analysis the shape of the
contour is immaterial as long as the same poles are enclosed in them. And since poles of
the resolvent are the spectrum, and these poles are of “first order”, we already suspect
P =1, (H).

However, one can show using only the resolvent identity and suitable choices of con-
tours that P defined as above is an orthogonal projection P? = P = P*: To show the first
equality, let I be another contour contained in the interior of I'. Then using the resolvent
identity,

we obtain

i\2

o / _ N1 _ -1

277) /Fdz F,dz (H—2)""(H-2)

2/clz d' (2 — )" (H — 2)~+
r Jr

—ﬁ/rdz [ a2y -

Since z € I" and I is contained in the interior of I, the function 2’ +— (2 — 2’)~! is actu-
ally holomorphic on a domain which includes I and its interior. That means [, dz’ (z —
2')~! = 0 and the first term vanishes.
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6.4 Other approaches to functional calculus

To treat the second term, we reverse the order of integration and use that z +— (z—2)~!

has a pole at 2/, and hence, the residue theorem yields

P2:O—ﬁ//dz’ (/Fdz(z—z’)_1> (H — )1

=—i27

i
=— [ & H-2)""=P
27 T/ Z( Z)

To show selfadjointness, we pick a contour which is symmetric with respect to reflections
around the real axis, i. e. I' = I'. With this contour, we obtain

Pt = (;ﬂ/rdz(H—z)_l)* = —%/Fdé((H—z)‘l)*

:—L/dZ(H—Z)*l:+i/dz(H—z)*1
27 Jr 27 J¥

Note that one sign change stems from the flip of orientation of the curve which traces I.
As H = H* is selfadjoint, we can use functional calculus. For instance, we can express

P.

(H—2)"t= /(H)()\ —2)7tdP())

in terms of the function A\ — (\ — 2)~! and the projection-valued measure d P(\) associ-
ated to H. Once we plug this into the definition of P, we obtain

P= i Fdz (H—2)"t= %/Fdz /U(H)(A— 2)"1dP()\)
= i o (/F dz () — z)_1> dP(\) = /(T(H) Ly, (A)dP(N)

=i2m 1"rel()\)
= 1(7re1 (H)
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