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Idea
Realizing Quantum Effects

with Classical Waves
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States & Dynamics Observables Input from Physics

Today
Focus on QuantumHall Effect for Light
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States & Dynamics Observables Input from Physics

Quantum-Wave Analogies: Electromagnetism

?QuantumMechanics

i 𝜕𝑡Ψ = 𝐻Ψ
𝐻 = (−i∇ − 𝐴)2 + 𝑉
(Schrödinger equation)

⎫}}
⎬}}⎭

←−−→

⎧{{{{
⎨{{{{⎩

Classical Electromagnetism

(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H) = (−∇ × H

+∇ × E)
(dynamical equations)

(∇⋅
∇⋅) (𝜀 0

0 𝜇) (E
H) = (0

0)
(constraint equation)
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The Quantum Hall Effect: the Prototypical System

𝐵 ≠ 0 ⟹ time-reversal symmetry broken

𝜎𝑥𝑦
bulk(𝑡) ≈ 𝑒2

ℎ Chbulk = 𝑒2
ℎ Chedge ≈ 𝜎𝑥𝑦

edge(𝑡)

transverse conductivity = Chern #

Chbulk/edge = 1
2𝜋 ∫

ℬ
d𝑘 Ωbulk/edge(𝑘) ∈ ℤ

• Edge modes in spectral gaps
• Signed # edge channels = Ch(𝑃Fermi)
• Edge modes unidirectional
• Robust against disorder

TwoNobel Prizes
1985 for experiment: von Klitzing
2016 for theory: Thouless

von Klitzing et al (1980)
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The Quantum Hall Effect for Light

Predicted theoretically by Raghu & Haldane (2005) ...

(𝜀 0
0 𝜇) ≠ (𝜀 0

0 𝜇)

symmetry breaking

⎫}
⎬}⎭

⟹

Before we discuss the results of our measurements, we will first
describe how we arrived at this particular choice of experimental
system. We chose rods in air for the basic photonic-crystal geometry
because of ease of fabrication. We then performed a series of numerical
simulations for a variety of rod sizes and lattice constants on a model
2D photonic-crystal system to optimize the band structure and
compute corresponding band Chern numbers using material
parameters appropriate to a low-loss ferrite (Methods). Our numerical
simulations predicted that when the ferrite rods in this photonic
crystal are magnetized to manifest gyrotropic permeability (which
breaks time-reversal symmetry), a gap opens between the second
and third transverse magnetic (TM) bands. Moreover, the second,
third and fourth bands of this photonic crystal acquire Chern numbers
of 1, 22 and 1, respectively. This result follows from the C4v symmetry
of a non-magnetized crystal17. The results of our simulations for the
photonic crystal with metallic cladding are presented in Fig. 2. (Similar
numerical results were obtained in ref. 7, albeit using a different
material system and geometry.) Here we show the calculated field
patterns of a photonic CES residing in the second TM band gap
(between the second and the third bands). Because the sum of the
Chern numbers over the first and second bands is 1, exactly one CES
is predicted to exist at the interface between the photonic crystal and
the metal cladding. The simulations clearly predict that this photonic
CES is unidirectional. As side-scattering is prohibited by the bulk
photonic band gaps in the photonic crystal and in the metallic
cladding, the existence of the CES forces the feed dipole antennas
(which would radiate omnidirectionally in a homogeneous medium)
to radiate only towards the right (Fig. 2a, c). Moreover, the lack of
any backwards-propagating mode eliminates the possibility of
backscattering, meaning that the fields can continuously navigate
around obstacles, as shown in Fig. 2b. Hence, the scattering from the

obstacle results only in a change of the phase (compare Fig. 2a and
Fig. 2b) of the transmitted radiation, with no reduction in amplitude.

For CESs to be readily measurable in the laboratory (where it is
necessary to use a photonic crystal of finite and manageable size) they
must be spatially well localized, and this requires the photonic band
gaps containing the states to be large. The sizes of the band gaps that
contain CESs (and the frequencies at which they occur) are determined
by the gyromagnetic constants of the ferrite rods constituting the
photonic crystal. Under a d.c. magnetic field, microwave ferrites
exhibit a ferromagnetic resonance at a frequency determined by the
strength of the applied field18. Near this frequency, the Voigt
parameter, V 5 jmxyj/jmxxj (where mxx and mxy are diagonal and off-
diagonal elements of the permeability tensor, respectively), which is
a direct measure of the strength of the gyromagnetic effect, is of order
one. Such ferromagnetic resonances are among the strongest low-loss
gyrotropic effects at room temperature and subtesla magnetic fields.
Using ferrite rods composed of vanadium-doped calcium–iron–
garnet under a biasing magnetic field of 0.20 T (Methods and
Supplementary Information), we achieved a relative bandwidth of
6% for the second TM band gap (around 4.5 GHz in Fig. 3b). As
discussed earlier, this is the gap predicted to support a CES at the
interface of the photonic crystal with the metallic wall. We emphasize
again that band gaps with trivial topological properties (that is, for
which the Chern numbers of the bulk bands of lower frequencies sum
to zero), such as the first TM band gap (around 3 GHz in Fig. 3b), do
not support CESs. All of the insight gained from the model 2D photo-
nic-crystal system was then incorporated into the final design (Fig. 1).
To emulate the states of the 2D photonic crystal, the final design

a

b
y x

z

4 cm

Antenna A

Antenna B

CES waveguide

Metal wall

Scatterer of
variable length l

Figure 1 | Microwave waveguide supporting CESs. a, Schematic of the
waveguide composed of an interface between a gyromagnetic photonic-
crystal slab (blue rods) and a metal wall (yellow). The structure is
sandwiched between two parallel copper plates (yellow) for confinement in
the z direction and surrounded with microwave-absorbing foams (grey
regions). Two dipole antennas, A and B, serve as feeds and/or probes. A
variable-length (l) metal obstacle (orange) with a height equal to that of the
waveguide (7.0 mm) is inserted between the antennas to study scattering. A
0.20-T d.c. magnetic field is applied along the z direction using an
electromagnet (not shown). b, Top view (photograph) of the actual
waveguide with the top plate removed.

a

b

c

A

A

B

l

a

Ez

0Negative Positive

Figure 2 | Photonic CESs and effects of a large scatterer. a, CES field
distribution (Ez) at 4.5 GHz in the absence of the scatterer, calculated from
finite-element steady-state analysis (COMSOL Multiphysics). The feed
antenna (star), which is omnidirectional in homogeneous media
(Supplementary Information), radiates only to the right along the CES
waveguide. The black arrow represents the direction of the power flow.
b, When a large obstacle (three lattice constants long) is inserted, forward
transmission remains unchanged because backscattering and side-scattering
are entirely suppressed. The calculated field pattern (colour scale) illustrates
how the CES wraps around the scatterer. c, When antenna B is used as feed
antenna, negligible power is transmitted to the left, as the backwards-
propagating modes are evanescent. a, lattice constant.

NATURE | Vol 461 | 8 October 2009 LETTERS

773
 Macmillan Publishers Limited. All rights reserved©2009

Joannopoulos, Soljačić et al (2009)
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The Quantum Hall Effect for Light

... and realized experimentally by Joannopoulos et al (2009)

Joannopoulos, Soljačić et al (2009)
Joannopoulos, Soljačić et al (2009)
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Haldane’s Argument: “Derivation by Analogy”

?(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H) = (−∇ × H

+∇ × E)
(dynamical equation)

(∇⋅
∇⋅) (𝜀 0

0 𝜇) (E
H

) = (0
0)

(constraint equation)

⎫}}}
⎬}}}⎭

𝜆≪1−−→
⎧{
⎨{⎩

̇𝑟 = +∇𝑘𝜛 + 𝜆 �̇� × Ω
�̇� = −∇𝑟𝜛
(ray optics equations)

Setting
𝜛 dispersion relation, Ω Berry curvature

Perturbation parameter 𝜆 ≪ 1
Slowly varying electric permittivity 𝜀 = 𝜀(𝜆) andmagnetic
permeability 𝜇 = 𝜇(𝜆) are 3 × 3-matrix-valued

𝜀 and 𝜇: periodic to “leading order”
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Goal of Today’s Talk

TheQuantumHall Effect for Light as a Lens
for Other Quantum-Wave Analogies
How and to what extent can Haldane’s
argument be made rigorous?

1 Find out how semiclassical techniques
can be applied to Maxwell’s equations.

2 Identify similarities and differences between
quantum and classical systems.
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Key: Physics Is Not Just a Bunch of Equations ...

... but also how to interpret them, and provides
additional information on typical circumstances.

Fundamental Constituents of Physical Theories
1 States
2 Dynamical equation
3 Observables
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1 The Schrödinger Formalism for EM: States and Dynamics

2 Observables in Electromagnetism

3 Input from Physics
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1 The Schrödinger Formalism for EM: States and Dynamics

2 Observables in Electromagnetism

3 Input from Physics
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Recap: States and Dynamics in Quantum Mechanics

States and Dynamics
1 A selfadjoint Hamilton operator, e. g.

𝐻 = 1
2𝑚(−i∇ − 𝐴)2 + 𝑉

𝐻 = 𝑚 𝛽 + (−i∇ − 𝐴) ⋅ 𝛼 + 𝑉

2 A Hilbert space ℋ and states are represented by its elements,

e. g. 𝐿2(ℝ𝑑, ℂ𝑛) with ⟨𝜙, 𝜓⟩ = ∫
ℝ𝑑

d𝑥𝜙(𝑥) ⋅ 𝜓(𝑥).

3 Dynamics given by the Schrödinger equation

i 𝜕𝑡𝜓(𝑡) = 𝐻𝜓(𝑡), 𝜓(0) = 𝜙
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Recap: States and Dynamics in Quantum Mechanics

States and Dynamics
1 A selfadjoint Hamilton operator
2 A Hilbert space ℋ and states are represented by its elements.
3 The Schrödinger equation

Properties
𝐻 = 𝐻∗

𝜓(𝑡) = e−i𝑡𝐻𝜙
∥𝜓(𝑡)∥2 = ‖𝜙‖2 (conservation of propability)
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Maxwell’s Equations for Non-Gyrotropic Dielectrics

Johnson & Joannopoulos (2004)

Assumption (Material weights)

𝑊(𝑥) = (𝜀(𝑥) 0
0 𝜇(𝑥))

−1

1 𝑊 = 𝑊 real
(non-gyrotropic)

2 𝑊 ∗ = 𝑊 (lossless)
3 0 < 𝑐 𝟙 ≤ 𝑊 ≤ 𝐶 𝟙

(excludes metamaterials)
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Maxwell’s Equations for Non-Gyrotropic Dielectrics

Johnson & Joannopoulos (2004)

Maxwell equations
Dynamical equations

(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H

) = (−∇ × H
+∇ × E

)

Absence of sources

(div 0
0 div

) (𝜀 0
0 𝜇) (E

H
) = 0
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Schrödinger Formalism of Electromagnetism

(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H) = (−∇ × H

+∇ × E)

dynamical Maxwell equations
} ⟺ { i 𝜕𝑡Ψ = 𝑀Ψ

“Schrödinger-type equation”

Ψ(𝑡) = (E(𝑡),H(𝑡)) ∈ ℋ = {Ψ ∈ 𝐿2
𝑊(ℝ3, ℂ6) ∣ Ψ transversal}

𝑀 = (𝜀 0
0 𝜇)

−1

⏟⏟⏟⏟⏟
=𝑊

( 0 +(−i∇)×

−(−i∇)× 0 )
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=𝐷

= 𝑀∗𝑊

Maxwell equations
⟺

Maxwell operator 𝑀 = 𝑀∗𝑊

⎫}
⎬}⎭

⟹
Adaptation of techniques
from quantummechanics
to electromagnetism
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Schrödinger Formalism for Classical Waves

States and Dynamics
1 “Hamilton” operator 𝑀 = 𝑊 𝐷 where

𝑊 = 𝑊 ∗ , 0 < 𝑐 𝟙 ≤ 𝑊 ≤ 𝐶 𝟙
(positive, bounded, bounded inverse)
𝐷 = 𝐷∗ (potentially unbounded)

2 Complex (!) weighted Hilbert space ℋ ⊆ 𝐿2
𝑊(ℝ𝑑, ℂ𝑛) where

⟨Φ, Ψ⟩𝑊 = ⟨Φ, 𝑊 −1Ψ⟩ = ∫
ℝ𝑑

d𝑥 Φ(𝑥) ⋅ 𝑊 −1Ψ(𝑥)

3 Dynamics given by Schrödinger equation

i 𝜕𝑡Ψ(𝑡) = 𝑀Ψ(𝑡), Ψ(0) = Φ

4 Real-valuedness of physical solutions
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Schrödinger Formalism for Classical Waves

States and Dynamics
1 “Hamilton” operator 𝑀 = 𝑊 𝐷 with product structure
2 Complex (!) weighted Hilbert space ℋ ⊆ 𝐿2

𝑊(ℝ𝑑, ℂ𝑛)
3 Dynamics given by Schrödinger equation
4 Real-valuedness of physical solutions

Properties
𝑀∗𝑊 = 𝑀
Ψ(𝑡) = e−i𝑡𝑀Φ
∥Ψ(𝑡)∥2

𝑊 = ‖Φ‖2
𝑊 (conserved quantity, here field energy)

Re e−i𝑡𝑀 = e−i𝑡𝑀 Re where Re = 1
2(𝟙 + 𝐶)

(existence of real solutions)
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Doubling of Degrees of Freedom

One of the tenets of electromagnetism:

E and H are real vector fields.

⟹ Replacing 𝐿2
𝑊,⟂(ℝ3, ℝ6) ⇝ 𝐿2

𝑊,⟂(ℝ3, ℂ6)
doubles the degrees of freedom!

On the other hand, if we want to apply the theory of selfadjoint
operators we need to work with complex Hilbert spaces!
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Restriction to Complex Fields with 𝜔 > 0

𝐶 𝑀 𝐶 = −𝑀 ⟹ 𝐶 e−i𝑡𝑀 = e−i𝑡𝑀 𝐶 implies

e−i𝑡𝑀 (E0,H0) = e−i𝑡𝑀 (ReΨ±) = Re(e−i𝑡𝑀Ψ±)

where Re = 1
2(𝟙 + 𝐶) is the real part operator and

Ψ+= 1{𝜔>0}(𝑀)(E0,H0) = 𝑃+(E0,H0)
Ψ−= 1{𝜔<0}(𝑀)(E0,H0) = 𝑃−(E0,H0) = 𝐶Ψ+

are the positive and negative frequency contributions
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Restriction to Complex Fields with 𝜔 > 0

𝐶 𝑀 𝐶 = −𝑀 ⟹ 𝐶 e−i𝑡𝑀 = e−i𝑡𝑀 𝐶 implies

e−i𝑡𝑀 (E0,H0) = e−i𝑡𝑀 (ReΨ±) = Re(e−i𝑡𝑀Ψ±)

Re = 𝑃 −1
+ ⟹ Study 𝑀+ ∶= 𝑀|ran𝑃+

Real transversal states
(E,H) = ReΨ+

(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H) = (−∇ × H

+∇ × E)

⎫}}
⎬}}⎭

⟷
⎧{
⎨{⎩

Complex states with 𝜔 > 0
Ψ+ = 𝑃+(E,H)
i 𝜕𝑡Ψ+ = 𝑀+Ψ+



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

States & Dynamics Observables Input from Physics

Fundamental Constituents

Reduced Description
1 “Hamilton” operator 𝑀+ = 𝑊 𝐷∣

ran𝑃+

2 Hilbert space ℋ+ = ran𝑃+ ⊂ 𝐿2
𝑊(ℝ3, ℂ6)

3 Dynamics given by Schrödinger equation

i 𝜕𝑡Ψ+(𝑡) = 𝑀+Ψ+(𝑡), Ψ+(0) = 𝑃+(E,H) ∈ ran𝑃+

4 Real-valuedness of physical solutions:

(E(𝑡),H(𝑡)) = ReΨ+(𝑡)

Note
This also applies to gyrotropicmaterials where 𝑊 ≠ 𝑊 .
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Fundamental Constituents

Reduced Description
1 “Hamilton” operator 𝑀+ = 𝑊 𝐷∣

ran𝑃+

2 Hilbert space ℋ+ = ran𝑃+ ⊂ 𝐿2
𝑊(ℝ3, ℂ6)

3 Dynamics given by Schrödinger equation

i 𝜕𝑡Ψ+(𝑡) = 𝑀+Ψ+(𝑡), Ψ+(0) = 𝑃+(E,H) ∈ ran𝑃+

4 Real-valuedness of physical solutions:

(E(𝑡),H(𝑡)) = ReΨ+(𝑡)

Note
This also applies to gyrotropicmaterials where 𝑊 ≠ 𝑊 .
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Which Symmetries Are Broken in QHE for Light?

Non-Gyrotropic Materials

𝑊 = 𝑊

1 Relevant Symmetry of Complexified Equation
𝑇 ∶ (𝜓𝐸, 𝜓𝐻) ↦ (𝜓𝐸, −𝜓𝐻) with 𝑇 𝑀+ 𝑇 = +𝑀+ (+TR)
reverses arrow of time: 𝑇 e−i𝑡𝑀+ = e−i(−𝑡)𝑀+ 𝑇
⟹ Needs to be broken to have unidirectional edgemodes!
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Which Symmetries Are Broken in QHE for Light?

Gyrotropic Materials

𝑊 ≠ 𝑊

1 Relevant Symmetry of Complexified Equation
𝑇 ∶ (𝜓𝐸, 𝜓𝐻) ↦ (𝜓𝐸, −𝜓𝐻) with 𝑇 𝑀+ 𝑇 = +𝑀+ (+TR)
reverses arrow of time: 𝑇 e−i𝑡𝑀+ = e−i(−𝑡)𝑀+ 𝑇
⟹ Needs to be broken to have unidirectional edgemodes!
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Ray Optics in Topological Photonic Crystals

Vague physical question ⇝ Concrete mathematical problem

Reformulate Maxwell’s equations in Schrödinger form
Adapt your semiclassical technique of choice, e. g.

wave packet methods à la Niu (implemented by Onoda,
Murakami & Nagaosa for photonic crystals (2006)) or
by establishing an Egorov-type theorem (cf. e. g. Panati, Spohn
& Teufel (2002) or Teufel & Stiepan (2011))

⟹ Theorem relating Maxwell’s equations to ray optics equations

But what is the physical content of the resulting Theorem?
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Ray Optics in Topological Photonic Crystals

Vague physical question ⇝ Concrete mathematical problem

Reformulate Maxwell’s equations in Schrödinger form
Adapt your semiclassical technique of choice, e. g.

wave packet methods à la Niu (implemented by Onoda,
Murakami & Nagaosa for photonic crystals (2006)) or
by establishing an Egorov-type theorem (cf. e. g. Panati, Spohn
& Teufel (2002) or Teufel & Stiepan (2011))

⟹ Theorem relating Maxwell’s equations to ray optics equations

But what is the physical content of the resulting Theorem?
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Ray Optics in Topological Photonic Crystals

Vague physical question ⇝ Concrete mathematical problem

Reformulate Maxwell’s equations in Schrödinger form
Adapt your semiclassical technique of choice, e. g.

wave packet methods à la Niu (implemented by Onoda,
Murakami & Nagaosa for photonic crystals (2006)) or
by establishing an Egorov-type theorem (cf. e. g. Panati, Spohn
& Teufel (2002) or Teufel & Stiepan (2011))

⟹ Theorem relating Maxwell’s equations to ray optics equations

But what is the physical content of the resulting Theorem?
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1 The Schrödinger Formalism for EM: States and Dynamics

2 Observables in Electromagnetism

3 Input from Physics



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

States & Dynamics Observables Input from Physics

Semiclassics via an Egorov Theorem

Relies on pseudodifferential techniques

“Quantization” Op ∶ 𝑓 ↦ 𝐹 associates operator 𝐹 on a Hilbert
space to a suitable function 𝑓 on phase space

Theorem (Prototypical form)

⟨𝜓(𝑡) , Op(𝑓) 𝜓(𝑡)⟩ = ⟨𝜓(0) , Op(𝑓 ∘ Φ𝑡)𝜓(0)⟩ + 𝒪(𝜀2)

for bounded times where

𝜀 is the semiclassical parameter,

𝜓(𝑡) the solution to the Schrödinger equation and
Φ𝑡 the flow associated to the semiclassical equations of motion.
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Semiclassics via an Egorov Theorem

Theorem (Prototypical form)

⟨𝜓(𝑡) , Op(𝑓) 𝜓(𝑡)⟩ = ⟨𝜓(0) , Op(𝑓 ∘ Φ𝑡)𝜓(0)⟩ + 𝒪(𝜀2)

Upshot
Quantifies difference of two expectation values.

Needs a quantum observable.
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Observables in QM and EM

QuantumMechanics

Selfadjoint operators on ℋ
Wave 𝜓(𝑡, 𝑥) not an observable

Typical examples: position 𝑄 = �̂�,
momentum 𝑃 = −i𝜀∇

Electromagnetism

Functionals of the fields

𝐸𝑗(𝑡, 𝑥) and 𝐻𝑗(𝑡, 𝑥) are
observable!

Not all of them can be written as
“quantum expectation values”

⟹ Egorov Theorem gives ray optics limit only for a certain
class of quadratic electromagnetic observables!



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

States & Dynamics Observables Input from Physics

Quadratic EM Observables Covered by Egorov Theorem

ℱ(E,H) = Re ⟨𝑃+(E,H) , Op(𝑓) 𝑃+(E,H)⟩
𝑊

= Re ∫
ℝ3

d𝑥(𝑃+(E,H))(𝑥) ⋅ (𝑊 −1 Op(𝑓) 𝑃+(E,H))(𝑥)

Covers local averages of field energy, the Poynting vector and
components of theMaxwell stress tensor.

Quadratic functionals which evaluate fields at a point are not
covered!



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

States & Dynamics Observables Input from Physics

Ray Optics in Adiabatically Perturbed Photonic Crystals

(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H) = (−∇ × H

+∇ × E)
(dynamical equation)

(∇⋅
∇⋅) (𝜀 0

0 𝜇) (E
H

) = (0
0)

(constraint equation)

⎫}}}
⎬}}}⎭

𝜆≪1−−→
⎧{
⎨{⎩

̇𝑟 = +∇𝑘𝜛 + 𝒪(𝜆)
�̇� = −∇𝑟𝜛 + 𝒪(𝜆)
(ray optics equations)

Setting
Perturbation parameter 𝜆 ≪ 1
Slowly varying electric permittivity 𝜀 = 𝜀(𝜆) andmagnetic
permeability 𝜇 = 𝜇(𝜆) are 3 × 3-matrix-valued

𝜀 and 𝜇: periodic to “leading order”
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Ray Optics in Adiabatically Perturbed Photonic Crystals

Theorem (De Nittis & L. (2016))

ℱ(E(𝑡),H(𝑡)) = Re ⟨𝑃+(E,H) , Op(𝑓ro ∘ Φ𝑡) 𝑃+(E,H)⟩
𝑊

+ 𝒪(𝜆2)

𝜆 ≪ 1 perturbation parameter

(E(𝑡),H(𝑡)) solution toMaxwell’s equations

Φ𝑡 ray optics flow

𝑓 ⇝ 𝑓ro modified ray optics observable
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End of Story?
Not yet!
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1 The Schrödinger Formalism for EM: States and Dynamics

2 Observables in Electromagnetism

3 Input from Physics
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Semiclassical Argument for Quantum Hall Effect

Apply in-plane constant electric field to drive current

𝐻 = (−i∇ − 𝐴(𝜀𝑥))2 + 𝑉per(𝑥) − E ⋅ 𝜀𝑥

Egorov theorem yields

i 𝜕𝑡Ψ = 𝐻Ψ −−→ { ̇𝑟 = + ∇𝑘𝐻sc + 𝜀 �̇� × Ω
�̇� = E + 𝒪(𝜀)
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Semiclassical Argument for Quantum Hall Effect

Apply in-plane constant electric field to drive current

𝐻 = (−i∇ − 𝐴(𝜀𝑥))2 + 𝑉per(𝑥) − E ⋅ 𝜀𝑥

Egorov theorem yields

i 𝜕𝑡Ψ = 𝐻Ψ −−→ { ̇𝑟 = + ∇𝑘𝐻sc + 𝜀 E × Ω + 𝒪(𝜀2)
�̇� = E + 𝒪(𝜀)
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Semiclassical Argument for Quantum Hall Effect

All bands up to Fermi energy completely filled.

𝐻sc is 𝑘-periodic
Ch vector composed of Chern numbers

Conductivity coefficients = Chern numbers

⟨𝐽⟩ = ⟨ i𝜀 [𝐻, 𝜀𝑥]⟩

= 1
𝜀 ∫

ℬ
d𝑘 ̇𝑟(𝑡) + 𝒪(𝜀) = 1

𝜀 ∫
ℬ

d𝑘 (∇𝑘𝐻sc + 𝜀 E × Ω) + 𝒪(𝜀)
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States & Dynamics Observables Input from Physics

Semiclassical Argument for Quantum Hall Effect

All bands up to Fermi energy completely filled.

𝐻sc is 𝑘-periodic
Ch vector composed of Chern numbers

Conductivity coefficients = Chern numbers

⟨𝐽⟩ = ⟨ i𝜀 [𝐻, 𝜀𝑥]⟩

= 1
𝜀 ∫

ℬ
d𝑘 ̇𝑟(𝑡) + 𝒪(𝜀) = 1

𝜀 ∫
ℬ

d𝑘 (∇𝑘𝐻sc + 𝜀 E × Ω) + 𝒪(𝜀)
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States & Dynamics Observables Input from Physics

Semiclassical Argument for Quantum Hall Effect

All bands up to Fermi energy completely filled.

𝐻sc is 𝑘-periodic
Ch vector composed of Chern numbers

Conductivity coefficients = Chern numbers

⟨𝐽⟩ = ⟨ i𝜀 [𝐻, 𝜀𝑥]⟩

= 1
𝜀 ∫

ℬ
d𝑘 ̇𝑟(𝑡) + 𝒪(𝜀) = E × ∫

ℬ
d𝑘 Ω + 𝒪(𝜀)
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States & Dynamics Observables Input from Physics

Semiclassical Argument for Quantum Hall Effect

All bands up to Fermi energy completely filled.

𝐻sc is 𝑘-periodic
Ch vector composed of Chern numbers

Conductivity coefficients = Chern numbers

⟨𝐽⟩ = ⟨ i𝜀 [𝐻, 𝜀𝑥]⟩

= 1
𝜀 ∫

ℬ
d𝑘 ̇𝑟(𝑡) + 𝒪(𝜀) = E × Ch + 𝒪(𝜀)
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Attempting to Apply these QM Arguments to EM

𝒫avg(E(𝑡),H(𝑡)) = Re ∫
ℝ3

d𝑥 𝜒avg(𝑥) (Ψ𝐸
+ (𝑡, 𝑥) × Ψ𝐻

+ (𝑡, 𝑥)) =

= 2 Re⟨𝑃+(E,H) , 𝜒avg
i

𝜆 [𝑀+, 𝜆𝑥] 𝑃+(E,H)⟩
𝑊

= 2 Re⟨𝑃+(E,H) , Op(𝑓ro ∘ Φ𝑡) 𝑃+(E,H)⟩
𝑊

+ 𝒪(𝜆2)

Good News
Local average of Poynting vector is a quadratic observable

𝒫avg can be expressed as “quantum expectation value” of the
current operator

Invoke Egorov theorm of De Nittis & L.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

States & Dynamics Observables Input from Physics

Attempting to Apply these QM Arguments to EM

𝒫avg(E(𝑡),H(𝑡)) = Re ∫
ℝ3

d𝑥 𝜒avg(𝑥) (Ψ𝐸
+ (𝑡, 𝑥) × Ψ𝐻

+ (𝑡, 𝑥)) =

= 2 Re⟨𝑃+(E,H) , 𝜒avg
i

𝜆 [𝑀+, 𝜆𝑥] 𝑃+(E,H)⟩
𝑊

= 2 Re⟨𝑃+(E,H) , Op(𝑓ro ∘ Φ𝑡) 𝑃+(E,H)⟩
𝑊

+ 𝒪(𝜆2)

Good News
Local average of Poynting vector is a quadratic observable

𝒫avg can be expressed as “quantum expectation value” of the
current operator

Invoke Egorov theorm of De Nittis & L.
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Attempting to Apply these QM Arguments to EM

𝒫avg(E(𝑡),H(𝑡)) = Re ∫
ℝ3

d𝑥 𝜒avg(𝑥) (Ψ𝐸
+ (𝑡, 𝑥) × Ψ𝐻

+ (𝑡, 𝑥)) =

= 2 Re⟨𝑃+(E,H) , 𝜒avg
i

𝜆 [𝑀+, 𝜆𝑥] 𝑃+(E,H)⟩
𝑊

= 2 Re⟨𝑃+(E,H) , Op(𝑓ro ∘ Φ𝑡) 𝑃+(E,H)⟩
𝑊

+ 𝒪(𝜆2)

Good News
Local average of Poynting vector is a quadratic observable

𝒫avg can be expressed as “quantum expectation value” of the
current operator

Invoke Egorov theorm of De Nittis & L.
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Attempting to Apply these QM Arguments to EM

𝒫avg(E(𝑡),H(𝑡)) = 2 Re⟨𝑃+(E,H) , Op(𝑓ro ∘ Φ𝑡) 𝑃+(E,H)⟩
𝑊

+ 𝒪(𝜆2)

Bad News
Assumption of completely filled bands in photonics
unphysical (there is no Fermi projection)

Linear response theory for QM and EM completely different:
“𝑀+ + E ⋅ 𝜀𝑟” makes no physical sense (use either antennas or
perturbations of 𝜀 and 𝜇)

Ray optics equations for 𝑓ro = 𝑓ro,0 + 𝜆𝑓ro,1 do not include
Berry curvature (mathematics also different)
⇝ instead Berry geometric terms contained in 𝑓ro,1
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Attempting to Apply these QM Arguments to EM

𝒫avg(E(𝑡),H(𝑡)) = 2 Re⟨𝑃+(E,H) , Op(𝑓ro ∘ Φ𝑡) 𝑃+(E,H)⟩
𝑊

+ 𝒪(𝜆2)

Bad News
⟹ “Semiclassical” arguments do not

explain quantization of conductivity!
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Conclusion

QuantumHall Effect for Light
The “semiclassical” ray optics limit does not furnish an
explanation.

Haldane’s heuristic arguments never went as far as claiming
that ray optics equations make quantitative predictions.

A first-principles explanation is still an open problem.
(Work in progress.)
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Conclusion

Broader Implications
Arguments generalize to many other classical wave equations
(e. g. transverse acoustic waves, spin waves, etc.).

Quantum-wave analogies are more subtle than just bringing
the dynamical equation in Schrödinger form.

Careful physical interpretation of mathematical results
necessary.

Schrödinger formalism allows us to adapt and apply
techniques initially developed for quantum mechanics.

Plenty of open mathematical and physical problems
(e. g. scattering theory, topological classification,
bulk-boundary correspondences, Krein-Schrödinger
formalism, …)
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Thank you very much &
Happy (70+𝜀)th Birthday, Herbert!
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