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Talk Based on

Collaboration with Giuseppe De Nittis

@ On the Role of Symmetries in the Theory of Photonic Crystals
Annals of Physics 350, pp. 568--587, 2014

o Effective Light Dynamics in Perturbed Photonic Crystals
Comm. Math. Phys. 332, issue 1, pp. 221--260, 2014

o Derivation of Ray Optics Equations in Photonic Crystals Via a
Semiclassical Limit
arxiv:1502.07235, submitted for publication, 2015
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Photonic Crystals Ray Optics

Motivation

Understand how topological effects
emerge from electrodynamics,
starting from Maxwells equations.

Real Fields



Photonic Crystals Ray Optics

Motivation

... many natural connected problems, e. g.

e Role of symmetries <— photonic topological insulators

e Topological invariants and their physical interpretation
~ bulk-edge correspondences

e Persistence of topological effects in random photonic crystals
~~ Anderson localization

Real Fields
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Photonic Crystals
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Photonic Cyrstals

l Assumption (Material weights)

weo = (i)

D 0<c1<Ww<Cl
(excludes metamaterials)

@ W* = W (lossless)

@ W frequency-independent
(response instantaneous)

[ @ W periodic wrt latticeT' ~ 73
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Photonic Crystals

Ray Optics

Photonic Cyrstals

Real Fields

Maxwell equations

Dynamical equations

(o ) () =Core)

div(¢E)\ [0
div(uH) ) —
Johnson & Joannopoulos (2004)

Absence of sources

0
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Idea of Ray Optics

Find simpler, effective dynamics for states
from a narrow range of frequencies
where Chern numbers # 0.

Real Fields
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Idea of Ray Optics

Find simpler, effective dynamics for states
from a narrow range of frequencies
where Chern numbers # 0.

Option 1

Effective tight-binding operators
~~ CMP article, but up to now with limitation Chern numbers = 0
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Idea of Ray Optics

Find simpler, effective dynamics for states
from a narrow range of frequencies
where Chern numbers # 0.

Option 2
Ray optics limit
~~ Preprint, considered here
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Idea of Ray Optics

Anincarnation of a rigorous
quantum-light analogy.

Semiclassics <— Ray Optics

Real Fields
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Idea of Ray Optics

Maxwell Equations A<, Ray Optics Equations

@Al ] ooy

A < 1 perturbation parameter
Q dispersion relation
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Idea of Ray Optics

Maxwell Equations A<, Ray Optics Equations

@Al O] e
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A < 1 perturbation parameter
Q dispersion relation
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Idea of Ray Optics

Maxwell Equations A<, Ray Optics Equations

@Al ] e oo

A < 1 perturbation parameter
Q dispersion relation
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Schroédinger Formalism of the Maxwell Equations

@ Field energy

o Lo () (7 ) )

@ Dynamical equations

G ) ()
(ante) = ()

Il
A~
+ |
a4
X X
m I
~

@ No sources
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Schroédinger Formalism of the Maxwell Equations

@ Field energy
E(E,H) = E(E(t), H(t))

@ Dynamical equations

G046
(owiom) = 1)

@ No sources
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Schroédinger Formalism of the Maxwell Equations

@ Field energy

o Lo () (7 ) )

@ Dynamical equations

G ) ()
(ante) = ()

Il
A~
+ |
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X X
m I
~

@ No sources
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2 (R?,C5) with energy norm

et o (8- ) ()
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2 (R3,C5) with energy norm

|E )|}, = 2£(E.H)
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2 (R3,C%) with energy norm

el =((a) (5 7) <5>><>
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2(R3,C%) with energy norm

el =((a) (5 ») <5>><>

@ Dynamical equations ~ »Schrédinger equation«

(0 ) 2 ()= (5028)
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) < L2(RR?, C) with energy norm

ety = (&) (6 ) (8))o

@ Dynamical equations ~» »Schrodinger equation«

ORI E
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2(R3, C®) with energy norm

H(EaH)Hfgv = <<|I-EI> ’ <g 2) (:> >L2(R3,C6)

@ Dynamical equations ~~ »Schrodinger equation«

w062 (e V)6

=0 =M
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2,(R3, C®) with energy norm

H(Ev"')Hfgv = <<:> : (8 2) (f') >L2(R3,<CG)

@ Dynamical equations ~ »Schrédinger equation«

2V = MU
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2(R3, C®) with energy norm

H(EaH)Hfgv = <<|I-EI> ’ <g 2) (:> >L2(R3,C6)

@ Dynamical equations ~» »Schrodinger equation«

w062 (e V)6

=0 =M
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Schroédinger Formalism of the Maxwell Equations

@ Field energy (E,H) € L2(R3, C®) with energy norm

H(EaH)Hfgv = <<|I-EI> ’ <g 2) (:> >L2(R3,<C6)

@ Dynamical equations ~~ »Schrodinger equation«

w062 (e V)6

=0 =M

@ No sources

(B s | (3 2) 6 D6 )
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The Frequency Band Picture

S5
Mz/\//f:/ dk M(k)

B

3]

Tl G %)

D (M(k)) = (H'(T?,C°% nJw(k)) ®G(k) C Lp(T?,C°)

physical states
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The Frequency Band Picture

S5
Mz/\//f:/ dk M(k)

B

3]

Tl G %)

D (M(k)) = (H'(T?,C°% nJw(k)) ®G(k) C Lp(T?,C°)

physical states

M(k) |y = 0 = focus on M(k)|,, k)
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The Frequency Band Picture

Physical bands

M(k>90n(k) = wn (k) ¢n(k)

o Frequency band functions k — wp(k)
@ Bloch functions k — ¢p (k)

Real Fields
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The Frequency Band Picture

Physical bands
M(k)pn(k) = wn (k) @n(k)

Frequency band functions k — wp, (k)
Bloch functions k — ¢ (k)
both locally continuous everywhere

© 0 0 ©o

both locally analytic away from band crossings
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The Frequency Band Picture
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Photonic Crystals

Ray Optics

Perturbed Photonic Crystals

Real Fields

T T T T T T T T T T T T T T T T T T T T I_é

T
T

x [lattice constants]
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Perturbed Photonic Crystals

Hnastte——

Perturbation of material constants

[lattice spacing]

A= [length scale of modulation]

<1

e(x) ~ ex(x) == T2 () e(x), p(X) ~ (%) = 72 () pu(x)
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Perturbed Photonic Crystals

HRaneattes———

Assumption (Slow modulation)
= Cgo(R?’), Tey Ty > € >0
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Adiabatically Perturbed Maxwell Operator

My=5S*M

- (TgoAX) Tg(oxx)> <€01 ;1) <(i0vx)x +(_1)VX)X>

Slow modulation & periodic Maxwell operator
~» Perturbations are multiplicative!
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Adiabatically Perturbed Maxwell Operator

Defined on A-dependent Hilbert space £ := L, (R?,C°)
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Part 2
Single-Band Ray Optics
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Ray Optics Limit via Semiclassical Techniques

Idea
For (E,H) € ) from a closed subspace of relevant states:

F(E(t), H() = ( (E(0), H(D)), Op5 (1) (E(). H() )
— ((EH), 0, (fo 0 @) (EH)) +O(N?)

where
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Ray Optics Limit via Semiclassical Techniques

Idea
For (E,H) € ) from a closed subspace of relevant states:

F(E(t), H() = ( (E(0), H(D)), Op, (1) (E(). H() )
— ((E,H),0p, (fo 0 @) (E,H)) +O(N?)

where

@ Fisan observable associated to a DO,
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Ray Optics Limit via Semiclassical Techniques

Idea
For (E,H) € $,¢ from a closed subspace of relevant states:

F(E(t), H() =  (E(0), H(D)), Op5(f) (E(). H() )
= ((EH),0p,(fio 0 ®}) (E. H)>A +O(O?)

where
@ Fisan observable associated to a YDO,
@ (E(t),H(1)) € Hel solves Maxwell's equations, and
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Ray Optics Limit via Semiclassical Techniques

Idea
For (E,H) € ) from a closed subspace of relevant states:

F(E(t), H() = ( (E(0), H(D)), Op5 (1) (E(). H() )
— ((EH),0p, (fo 0 @) (EH)) +O(N?)
where
@ Fisan observable associated to a DO,

@ (E(t),H(t)) € Hrel solves Maxwell's equations, and
@ o’ is the ray optics flow.
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Class of
Observables

e Functionals F : [2(R?,C5) — C,
F(I) = (¥,0p, (W), == (T, S;* FHH(iAV,, k) FS\0)

e # Quantum mechanics
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Class of
Observables

e Functionals F : [2(R?,C5) — C,
F(U) = (¥,0p, (M), == (T, S;* FH(iAVy, k) FS\0)

e = Quantum mechanics
e Here: quadratic observables, defined in terms of ¥DO Op, (f)
e Result holds for all observables of this class
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Class of
Observables

e Functionals F : [2(R?,C5) — C,
F(I) = (¥,0p, (W), == (T, S;* FHH(iAV,, k) FS\0)

e = Quantum mechanics

e Here: quadratic observables, defined in terms of ¥DO Op, (f)

e Result holds for all observables of this class

e Includes local averages of energy density, Poynting vector,
field intensities
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Definition (Quadratic observables)
Suppose the electromagnetic observable

F(U) = (0, S3' FHF(IAV, k) F Sy T),

is defined in terms of a ¥DO associated to a function f.

@ We call Fscalarif f = f® idy and f € C2°(R®, C) are periodicin k.

Real Fields
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Definition (Quadratic observables)
Suppose the electromagnetic observable

F(U) = (0, S3' FHF(IAV, k) F Sy T),

is defined in terms of a ¥DO associated to a function f.

@ We call Fscalarif f = f® idy, and f € C2°(RS, C) are periodic in k.

@ We call Fnon-scalar if f € C2° (R, B(L;,(T3,CF))) isan
operator-valued function satisfying the equivariance condition

f(r./ k — ’y*) = e+iﬂ/*')7 f(l’7 k) efi’Y*'f/.

Real Fields
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States From a Narrow Range of Frequencies

Relevant states

Projection onto ), = ran 11,

o Closedness <= d projection II

e Invariant under dynamics up to O(A?) <= [M,, 11| = O()\?)
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States From a Narrow Range of Frequencies
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States From a Narrow Range of Frequencies

Relevant states

Projection onto ), = ran 11,

o Closedness <= d projection II

e Invariant under dynamics up to O(A?) <= [M,, 11| = O()\?)
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States From a Narrow Range of Frequencies

Definition (Relevant states: unperturbed)

@
Iy = / dk 1{w*(k)} (M(k)) so that
B
@ ovei(k) = {w.(k)} isolated band
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States From a Narrow Range of Frequencies

Definition (Relevant states: unperturbed)

7]
Iy = / dk 1{w*(k)} (M(k)) so that
B

@ ovei(k) = {w.(k)} isolated band
@ Source free: ran1ly C Jy
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States From a Narrow Range of Frequencies

Definition (Relevant states: unperturbed)

7]
Iy = / dk 1{w*(k)} (M(k)) so that
B

@ ovei(k) = {w.(k)} isolated band
@ Source free: ran1ly C Jy
@ Invariant under dynamics:

e—ll’M HO _ HO e—IfM HO
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States From a Narrow Range of Frequencies

Definition (Relevant states: perturbed)

52
I, = / dk 1{w*(k)} (M(k)) + O()) so that
B

@ ovei(k) = {w.(k)} isolated band
@ source free: “ran1l C J," up to O(\>)
@ Almost invariant under dynamics:

e ™M TTy = II e "™ II), + O(X>°)
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States From a Narrow Range of Frequencies

Definition (Relevant states: perturbed)

52
I, = / dk 1{w*(k)} (M(k)) + O(\) so that
B

@ ovei(k) = {w.(k)} isolated band
@ source free: “ran Il C J," up to O(\>)
@ Almost invariant under dynamics:

e M TTy = II, e ™ IT), + O(A>)
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States From a Narrow Range of Frequencies

Theorem (De Nittis-L. 2014 (CMP))

Suppose band oei (k) = {w. (k) } is an isolated band and 0 & e (0).
Then there exists an orthogonal projection

@
IT, = /B dk 1{w*(k)}(M(k)) aF O()\)
which can be computed explicitly order-by-order so that
[M)\a H/\] = O()‘OO)

and whose range supports physical states.
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Modified dispersion relation

Q=Qo+ A = Tzw—mzp-v,ln;;
where

P(k) :=Im N dy ¢ (k,y) x ¢"(k,y)
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The Ray Optics Limit: The Scalar Case

Theorem (De Nittis-L. 2015)

For scalar observables where f € C°(RC, C), the ray optics flow
associated to the hamiltonian equations

P\ (=2 +id\ (V.2
k) \ —id 0 V2]’
which include the Berry curvature Z := (V x i{, Vi), 2 (1 CG)) 8

as part of the sympletic form, approximates the full light dynamics for
W € ran I, and bounded times in the sense

F(U (1)) = F(e 5" w) = (W, Op, (fo q»?)\l% +O02).
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The Ray Optics Limit: The Scalar Case

Theorem (De Nittis-L. 2015)

For scalar observables where f € C°(RC, C), the ray optics flow
associated to the hamiltonian equations

P _ (=2 +id\ (V.2
k) \ —id 0 V2]’
which include the Berry curvature = := (V x i{, Vi), (TS‘CG)) .

as part of the sympletic form, approximates the full light dynamics for
W € ran I, and bounded times in the sense

F(U(0)) = F(e 5" w) = (W, Op, (fo q»?)\l% +O02).
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The Ray Optics Limit: The Scalar Case

Theorem (De Nittis-L. 2015)

For scalar observables where f € C°(RC, C), the ray optics flow
associated to the hamiltonian equations

N _ (—AE +id\ [V
k) \ —id 0 V2]’
which include the Berry curvature Z := (V x i{, Vi), 2 (1 CG)) 8

as part of the sympletic form, approximates the full light dynamics for
W € ran I, and bounded times in the sense

F(U(t) = /:(efiilvmp) - <\1;, Op, (fo (I)?\>\Il>)\ + o).



Photonic Crystals Ray Optics Real Fields

The Ray Optics Limit: The Scalar Case

Remark

The result also holds in case w is a Bloch band with non-zero Chern
charge.



Ray Optics

The Ray Optics Limit: The Non-Scalar Case

Theorem (De Nittis-L. 2015)

For non-scalar observables where f € Cg° (RS, B(L2, (T3, C°))), the
ray optics flow ®* associated to the hamiltonian equations

N _ (0 +id) (VA

k) \—-id 0 V2
approximates the full light dynamics for ¥ € ran IT and bounded
times in the sense

F(¥ (1)) = F(e 3" 0) = (W, Opy (fo 0 ) %) +O(V)

where we have transported the modified non-scalar observable
fro := T f #my + O(A?) along the flow ®2.
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The Ray Optics Limit: The Non-Scalar Case

Theorem (De Nittis-L. 2015)

For non-scalar observables where f € Cg° (RS, B(L2, (T3, C°))), the
ray optics flow ®* associated to the hamiltonian equations

N _ (0 +id) (VA

k) \—id 0 V2
approximates the full light dynamics for ¥ € ran IT and bounded
times in the sense

F(¥ (1) = F(e 3" 0) = (W, Opy (fo 0 ) %) +0O(V)

where we have transported the modified non-scalar observable
fro := T f #my + O(A?) along the flow ®2.
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The Ray Optics Limit: The Non-Scalar Case

Theorem (De Nittis-L. 2015)

For non-scalar observables where f € Cc° (RS, B(L,, (T3, C%))), the
ray optics flow ®* associated to the hamiltonian equations

N _ (0 +id) (VA

k) \—-id 0 V2
approximates the full light dynamics for ¥ € ran II and bounded
times in the sense

F(¥ (1) = Fe 3" 0) = (W, Opy (fo 0 9)¥) +O(3)

where we have transported the modified non-scalar observable
fro := Tt f fmy + O(A\?) along the flow ®2.
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Idea of Proof

Proof.
o Crucial technical tool: pseudodifferential calculus
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Idea of Proof

Proof.
o Crucial technical tool: pseudodifferential calculus
o Projection onto almost-invariant subspace:

1T, = m\ (IAV, k) + O(X®)
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Idea of Proof

Proof.
o Crucial technical tool: pseudodifferential calculus
o Projection onto almost-invariant subspace:

1T, = m\ (IAV, k) + O(X®)
o 2 defining relations:

= O(X®)

mfma = T\ + O(A®) [M)\yﬂ')\]ﬁ O



Ray Optics

Idea of Proof

Proof.
Construction of almost-invariant projection:
i

o IR G O
ma(r, k) < o /F(r,k) dz (My —z)' " ¥ (r, k)
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Idea of Proof

Proof.
Construction of almost-invariant projection:

) = '/ dz (My — 2) (1, k)
27 Jr@k

o Here: (/\/l,\ = z)(_l)ﬁ is the Moyal resolvent

(M —2) T (M, —2) = 1+ O(A)
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Idea of Proof

Proof.
Construction of almost-invariant projection:

i _
m(r k) =< 271'/1‘( 0 dZ(/\/l)\—z)( 1)ﬁ(r,k)

o Here: (M,\ = z)(_l)jj is the Moyal resolvent

(M —2) T (M, —2) = 1+ 0(A)

o Local spectral gap
= I'(r, k) can be chosen to be locally constant
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Idea of Proof

Proof.

Crucial ingredient: \Work of Stiepan & Teufel (2013) who prove
Egorov-type theorem:

|11 (5% Op, () e~ — 0p, (o ) )1, | = O(A* [t)
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Idea of Proof

Proof.

Crucial ingredient: \Work of Stiepan & Teufel (2013) who prove
Egorov-type theorem:

|11 (5% Op, () e~ — 0p, (o ) )1, | = O(A* [t)
e Replacement of My with Q: myf (M) — Q)fmy = O(X?)

e geometric contributions to symplectic form (scalar) or
to corrected symbol (non-scalar) O
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Idea of Proof

Proof.

Crucial ingredient: \Work of Stiepan & Teufel (2013) who prove
Egorov-type theorem:

|15 (*15¥ Op, () e~ — 0p, (o ) 11, | = O (A* [t)
e Replacement of My with Q: 7\ (M, — Q)fimy = O(\?)

e geometric contributions to symplectic form (scalar) or
to corrected symbol (non-scalar) O
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Part 3
Ray Optics for Real Fields
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Real Fields: A Multiband Problem

Complex conjugation in Bloch-Floquet represenation:

(CO)(x) =V(x) <= (T¢)(ky) = (k)
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Real Fields: A Multiband Problem

Complex conjugation in Bloch-Floquet represenation:
(CV) ) =Tx) <= (To)ky) =w(-ky)
CWC = W = Winduces symmetry in band spectrum:

M(K)pn (k) = wn(k) on(k)
<~
M(k) Cipn(—k) = —wn(—k) Con(—k)
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Real Fields: A Multiband Problem

¢+ (k) Bloch function associated to w (k)

e () = = (0400 + 2(K)) = = (1240 +-(6)).

75 (0400 = 2(R) = = (0400 = o-(0)

Uim (k) == v
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Real Fields: A Multiband Problem

¢+ (k) Bloch function associated to w (k)

e () = = (0400 + 2(K)) = = (1240 +-(6)).

5 (20— () = = (00— o-(0)

Real states = bona fide multiband problem

Uim (k) ==
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Real states from a narrow range of frequencies

Definition (Physical states: perturbed)

HA_/ dk 1., (M(k)) + O()) so that

@ orel(k) = orel(—k) = nez{wn(k)} isolated family of bands
@ source free: “ran Il C J," up to O(\>)
@ invariant under dynamics up to O(A*°)
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Real states from a narrow range of frequencies

Definition (Physical states: perturbed)

I, _/ dk 1., (M(k)) + O()) so that

@D 0rel(k) = 0rel(—k) = nez{wn(k)} isolated family of bands
@ source free: “ranIly C J," up to O(1>)
@ invariant under dynamics up to O(A>)
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Real states from a narrow range of frequencies

Definition (Physical states: perturbed)

HA_/ dk 1., (M(k)) + O()) so that

orel(k) = orel(—k) = nez{wn(k)} isolated family of bands
source free: “ran I, C J\" up to O(\*>°)

invariant under dynamics up to O(A>°)

real: CII, C = I\ + O(A*°)

© 6060
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Real states from a narrow range of frequencies

Theorem (De Nittis-L. 2014 (CMP))
There exist orthogonal projections

I =104 \ +II_ y + O(A*)
so that
My, 11 )] = O(A)

whose range ran 11, supports physical states.
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The Ray Optics Limit for Real Fields

Theorem (De Nittis-L. 2015)

Ifin addition f(r, —k) = f(r, k), then
F(u(t) =4 <x1/ ,Re 1, , Op, (fio 0 @) II,.\ Re \11>A + 0O

where f., = f(scalar) or f,, = w4 f 7y (non-scalar).
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The Ray Optics Limit for Real Fields

Theorem (De Nittis-L. 2015)

If in addition f(r, —k) = f(r, k), then
F(u(t) =4 <x1/ . Re 1, , Op, (fio 0 ®)) I1,.\ Re \11>A + 0O

where f., = f(scalar) or f,, = w4 f §7y (non-scalar).
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The Ray Optics Limit for Real Fields

Theorem (De Nittis-L. 2015)

If in addition f(r, —k) = f(r, k), then
F(U() =4 <x1/ ,Re II,., Op, (o 0 &) I1,  Re \1/>A + OO

where f,, = f(scalar) or f,, = m 4 f fm) (non-scalar).
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Idea of the Proof

Lemma
[F, C] =0 = II, FII, Re = 4Re H_,_’)\ FH_,_’)\ Re + OH”(AOO)

Proof.

Step 1
Reduction to single-band case
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Idea of the Proof

Lemma
[F, C] =0 = II, FII, Re = 4Re H_,_’)\ FH_,_’)\ Re + OH”(AOO)

Proof.
Step 1
Reduction to single-band case
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Thank you for your attention!
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