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Hilbert Spaces & Quantum Mechanical States

Homework Problems
5. Weighted L2-spaces

Let 1 € L>(R?) be a function bounded away from 0 and +oc, i. e. there exist ¢, C' > 0 such that
0<c<upulzx)<C<+x

holds for almost all z € R?. Define the weighted L2-space Li(]R{d) as the pre-Hilbert space with
scalar product

(19, = [ dou@) @) g(o) (1)

sothat || f||, == /([ ), < oc.

The standard (unweighted) L?(R%) space is defined as usual, i. e. we set () = 1 in the above.
(i) Show that f € L*(R?) if and only if f € L2(R?).
(ii) Show that the map

Uy: LL(RY) — L*(RY), f— uf,

is norm-preserving, i. e. || f[|, = HUMfHLQ(Rd) holds for all f € L?(R%).
(iii) Show that Li(Rd) is indeed a Hilbert space, i. e. prove that it is complete.

. Decomposition of L?(R?) into symmetric and anti-symmetric part

A function f : R? — C is called symmetric if f(z,y) = f(y, ) and antisymmetric if f(z,y) =
—f(y,z) hold for all z,y € R.

(i) Show that LZ2(R?) := {f € L*(R?) | f symmetric} is a closed (linear) subspace of L*(R?),
i. e. prove that L2(IR?) is a linear subspace of the Hilbert space L?(R?), and that Cauchy se-

quences in L2(R?) converge in L2(R?).
Remark: Also L% (R?) := {f € L*(R?) | f antisymmetric} is a closed subspace of L*(R?).

(ii) Show that any f € L?(R?) can be uniquely decomposed f = fs + fas into a symmetric part
fs € L2(R?) and an antisymmetric part f,s € L2(R?).

(iii) What is the physical significance of L2(R?) and L2,(R?)?



7. Positive operators and the trace

Let {¢n }nen be an orthonormal basis of L?(R%) and p a density operator, i. e. p* = p, p > 0 and

Trp=Y (Pn,pn) = 1.
neN

(i) Show that the trace is independent of the choice of basis {¢y, } nen.
(ii) Show that any rank-1 projection P = (1), - ) s, [|[«]| = 1, is a density operator.
(iii) Show that p? = p if and only if p is a rank-1 projection.
Remark: A bounded operator p on a Hilbert space H is selfadjoint (p* = p) if and only if
(o, ) = (¥, pp)

holds for all p, ¢ € H.

Hand in home work on: Friday, 26 September 2014, before class



