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Banach Spaces, the Convolution
& Solutions to the Heat Equation

Homework Problems

15. Direct sum of Banach spaces (5 points)

Assume X and ) are Banach spaces with norms |-[| ;- and [|-[|y,. Show that the direct sum X © Y
defined as the product space X x ) equipped with

1z Pl xay = llzllx + llully

is a Banach space.

Solution:

First of all, we need to verify that [|-|| 5, is @ norm. Let us start with definiteness: if

1@ W llxay = Izl +llylly =0,

then ||z, = 0 and ||y[|;, = 0 which implies 2 = 0and y = 0,i.e. (z,y) =0 € & x Y [1].
If A € Cisascalar, then

Mz )| xay = [|(A2,29) || pay
= [Azlx + 1Ml
=\ lzllx + A llyly
e [CRN] [ [1]

Lastly, the triangle equality for ||-|| .y, follows from the triangle inequalities for [|-|| - and ||-||;:

1@ 9) + @) ey = (@ +2"0 +8) [ 1oy
= |l +a'll +[ly + /[l
< llellx + 2"l + llylly + 1yl
=1 Dl xey + 1@ 9| oy 1
To verify that X' @ ) is complete, let 2, = (x5, yn) be a Cauchy sequence with respect to ||| yq -

Then also (x,,) and (y,, ) are Cauchy sequences in X and ), respectively, which converge to zp € X
and yo € Y [1]. Hence, (., y,) converges to (g, yo), and X &) is complete, hence, a Banach space

[1].



16. The convolution on L!(R") (12 points)

Define the convolution of f and g to be
fxg(x):= - dy f(z —y) g(y).

Prove the following statements:
M) f,g€L'(R") = f+ge€ L' (R")
(i) frg=gx*f

(iii) (f+xg)xh=/fx*(gxh)

Solution:

(i) To show that a function is in L!(R™), we need to show that its L!-norm is finite [1]:
I£xal 2 [ dol(s <o)
=/ o | [ dusto =)o)

/da:/dy‘fa:— ‘
é]/ xfx\/dy\gy
Rn Rn
[

1]
= [If1ly llglly < oo

Hence, f * g is integrable [1].

(ii) This follows from a simple change of variables:

fxg(x) a /Rn dy f(z —y) g(y)

2 a6 et —y) =g+ f(@)

(iii) This follows from plugging in the definition, a change of variables and the fact that under
these circumstances, we may change the order of integration:

(F=9)=m)@) = [ d=(fg)a—2)h(z)
/ A= [ dyf—y—2) ) h(:)
/n d - dy' f(z —y') gy — z) h(2)

2 @y g = (F# (00 h) (@)

1

1



17. Exchanging limits and integration (25 points)

(i) Let g € C' (R, L'(R™)) a parameter-dependent function with values in L' (R™) so that there
exists h € L'(R™) with [9yg(\, z)| < h(z) for almost all z € R™ and all A € R. Show that
differentiation with respect to \ and integration commute, i. e.

d
e drg(\,z) = - dzorg(\, z) .

(ii) Inadditionto f € L*(R") assume ||z1 f|; < oc. Then show that

1

(106, F£) (&) = dze " zy f()

holds.
(iii) In addition to f,g € L'(R") assume 0,, f, 0, g € L°(R"). Then show that

al“l(f*g) :axlf*g: f* z19
holds.

Solution:

(i) The derivative of the integral can be written as differential quotient [1]: for A\ € R we have

O dz g(A\, z) = lim ! ( drg(A+e¢,2) — dz g(A, x))
Rn e—0 ¢ Rn Rn
W im dzi(g(A +e,2) — g(\2)).

e—0 Rn

Using the Mean Value Theorem [1], we can estimate 1 (g(\ + ¢, z) — g(A, z)) by the function
h. For almost all values of x, there exists A\g € (A — |e|, A + [¢]) with

(1] (1]
€

The upper bound h is independent of \. Thus, the prerequisites of the Dominated Convergence
Theorem are satisfied [1], and we can exchange limit and integration,

lim dz L(g(A+e,2) — g\ 2)) i dz lim L (g(A +&,2) — g(\, 2))

e—0 R Rn e—0
b dz drg(A, z).
Rn

(i) Thisis only a special case of (): here, the dominating function s |z f(z)| (which is integrable
by assumption),

)

: —ix-£ (1 —iz-€ [1]
106, (717 f(2)) | 2 11 €7 f()] < |an £ (@)



and the bound is independent of £. Thus, by (i) £ — (Ff)(§) is continuously differentiable,
and we may interchange differentiation with respect to £ and integration [1],

1 .
(106, F ) (€) = e s [, d0e 4 S

1 .

1] 1 —ix-
= @) Ju dze @€y f(z)

= (Fla1 ) (©)-

(iii) Pick an arbitrary = € R. Writing the derivative as a limit,

(f * g)(x + de1) = (f * g)(x)

20 Lim

6—0 )
= lim /Rdyé(ﬂ:c +der—y) — [z =) 9(v)

we see that we need to estimate 1 (f(z + ey — y) — f(z — y)) the integrand [1]. Assume for
simplicity that 6 > 0. Then the mean value theorem states that there exits ¢ € (x,z + ¢)
with

[H(f@+der = y) =z = )| 2 £ @0 — )

INE

sup | f'(zo —y)’ =C < o0.
zoER™

Hence, we can estimate the integrand by a constant times the integrable function g [1],

(1]
F( G+ des =) = fa =) s0)] < sup | aw)] = C oo

Thus, Dominated Convergence applies and we can interchange the limit and differentiation

[1],
gii%/Rdyg(f(a:juéel—y)—f(:c—y))g(y>=
E/Rdy lim 5(f(z + de1 —y) = f(z —v)) 9(v)
E/dyc‘%nf(ﬂc—y)g(y) = (Ou,f * 9)(2).
R

Using f * g = g = f, we may exchange the roles of f and g so thatalso 0., f xg = f x 0., g [1].



18. Solving the heat equation using the convolution (22 points)

Consider the heat equation
dyu(t,z) = DIu(t, z), u(0,z) = f(x), (1)

on R for D > 0. We will always assume f € L'(R). For t > 0, define the function

1 2
G(t,x) = Nz e~ 1Dt |

(i) Show that u(t) is integrable, i. e. u(t) € L*(R) holds for all t € R.
(i) Show that the function u(t) := G(t) * f solves (1).
(You may use }{% G(t) * f = fforall f € L'(R"™) without proof.)
(iii) Show that for any ¢ > 0, the solution u(t) is smooth in z.

(iv) Show that for any z € R, tl_i)m u(t,z) = 0.

Solution:

(i) From problem 11 on sheet 4, we know that

1 o2
G, =1/ d Tabt =1 1
GO, = [ dr e 1)

for all ¢ > 0 so that G(t) € L'(R) [1]. Hence, by problem 16 (i) and f € L!(R), the function
u(t) = G(t)  f € L'(R) is integrable as the convolution of two L!-functions [1].

(ii) From problem 15 and 16, we know that

ou(t) U (0,G()) *

and
2(G(t) « £) 2 (226() « f

hold. Thus, all we need to compute are derivatives of G(¢). Let us start with the time deriva-
tive:

1 1 _ _ z? - _ a2
AG(t,x) = —— (—275 Vg <—4D) (—t 2)> e iDr

B 1 _i + 7562 e_4LDQt
 /Ar Dt 2t 4Dt?

Computing the second derivative with respect to x is straight-forward, too:

0,6t a) Y L T i
B VAarDt 2Dt
6 1 xr z2
02G(t = — | ——— —— e 1Dt
2 Gt ) 6:c< Var Dt oDt 4Dt>
1 1 _ a2 1 xz 2 a2
= — —— e 4Dt 4 <7) e 4Dt
Var Dt 2Dt VarDt \2Dt

moo1 L, z? i
- V4nDt 2Dt = 4D2¢2



Hence, we compare the two and find that, up to a factor of D,
oG(t) = DI*G(t).
Consequently, u(t) = G(t) = f solves the heat equation,

du(t,z) = 8, (G (1) * £) (=) 2 (0,G(t) * ) ()

U D @26(t) « f)(2)

W D 0?uf(t,x).

Moreover, it satisfies the initial condition as

u(0) = limu(t) = lm G(0) + f = . 1
(iii) Seeingas G/(t) is smooth in x [1] and all derivatives are bounded, because they are of the form

22

Oy = pn(z)e Dt

where p,, is a polynomial in x [1]. Hence, by problem 16, 97G(t) * f exists in L' (R) [1] and
u(t) is smooth in x for any ¢ > 0 [1].

(iv) We note that the integrand of

ut.a) = (G0 = (@) = [ dy o= T 1l0)
is bounded by
1 _(e=y)? 1 (1] 1
T o fy) ém\f(y)K\/m!f(y)\-

This estimate is independent of x and ¢ as long as ¢ > T'. The right-hand side is integrable for
all t > 0 and goes to 0 pointwise as ¢t — oo [1]. Thus, Dominated Convergence yields [1]

. ) 1 _(==v)?
tll)l'}')lo U(t) -T) - t1l>rgo R dy \/m € 4Dt f(y)

(1] . 1 _(@=y)?
= [ dy lim ———e~ 4Dt = 0.
/R y fim ——s f(y)



