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Operators

Homework Problems

26. Convergence of operators

Consider the following sequences {7}, },,cn of operators on the Hilbert space

2(N) = {a = (an)nen | 20 Janf? < oo}

and investigate whether they converge in norm, strongly or weakly:
(i) Tn(a):= (%al, %ag, . )
(ii) Tn(a):= (O, co s 0,ap41, Gpyo, .. )
——

n places
(iii) T, (a) = (0,...,0,a1,az,...)
——
n places
Solution:
(i) The sequence T,, converges in norm/uniformly to 0 € B(¢*(N)), because

n—oo

HTH(Q)HMN) =y llallpey —0

and thus ||T,|| By = 1/n. The above equation also implies that 7,, converges to 0 also

strongly and weakly, because

n—o0

[ Ta(®)) 2y | < Ml 2y [ Tn ()] 2y == 0

(ii) For a fixed a € ¢?(N), we have
1l = ST = 3l =0,
J=1 Jj=n+1

and thus 7,, converges strongly (and weakly) to 0 € B(¢*(N)). However, if e, := (0;n) jen =
(0,...,0,1,0,...), we see that

[Tunt gy =1

and thus 7', does not converge to 0 in norm, because || ;.| 542 (1)) = 1-



(iii) 7}, converges weakly to 0:

ZE(TH(G))j Z bj ajn
j=1 j=n+1

00 1/2 00 1/2 00 1/2 0o 1/2
s(Zw) (Z\aj—n>2> :(zw) (zw)
j=n+1 j=n+1 j=n+1 j=1

n—oo
0

‘<“» T"(b)>£2(N)‘ -

However, it does not converge strongly or in norm, because

ITa@ g = D laj-al” = Y lasl* = lalleq -
j=1

j=n+1



27. Symmetric operators (17 points)
Let H = 5= (—iV,)? + V be a Hamilton operator with potential V € C(R?, R).

Define the smooth functions with compact support as
CE(R?) :={p:R* — C | ¢ € C™(R?), supp ¢ compact}.
(i) Prove C*(R3) C L?(R3).
(ii) Show that H is symmetric on C>°(R3), i. e. that
(0. Hy) = (Hep,9)
holds for all ¢, 1) € C°(R3).

Solution:

(i) Everysmooth function with compact support is square-integrable: let p € C°(R?), then there
exists a compact subset K C R?, so that

suppp = {z € R3 | p(z) #0} C K . 1]

Since ¢ is also continuous, we can estimate the supremum from above by

[¢lloo = sup [¢(z)| = sup |p(z)] < oo. [1]
z€R3 zeK

Hence, we obtain

Il = [ do ol Y [ o] 29 1K| (sup [o(@)])? < .

zeK

(ii) We will treat kinetic and potential energy separately: clearly, derivatives map C°(R?) into
itself, and thus (—iV,)%¢ € L?(R3) [1]. Fix p,v € C°(R?). Then there exists a compact
set K C R? whose interior contains supp ¢ and supp ¢ [1]. Then we compute using repeated
partial integration

3
(o (92 =3 5 ) U3 5 [ a5 (-, P
7j=1
B QL dz p(z) ((—i0,,)%0) (x)
j=1 =K
1] 1
23 dS(x) p(z) ((—1)%0,%) (z)+
=1 <M Jok
3
— Z 7m / dx 8x390(x> ((_1)26$Jw) (x)
j=1
i] _ L 12 €T X Xz
20 ;Qm( ) 8KdS( ) O, () P (2)+
i 12 x T T
+;2m< P [ B i)

w



3 -
U3 g [ P @ ve

1 X
WL (iv,)20, )

Here, dS(z) is the surface measure on OK. The boundary terms vanish, because ¢ and 1 as
well as their derivatives vanish on K.

Now to the potential energy: since V' is continuous, it is bounded on compact subsets. Choose
any ¢, € C°(R3). Then Vp € L?(R?) [1] and hence,

W”/d Y (Vi) ”/d ) % ()
B

U [ 42 (V) (@) v(a)

R3

(Veo,v)

holds.



28. Positive operators and the trace
Let {¢y, }nen be an orthonormal basis of L?(R") and p = p* a density operator, i. e. 0 < p which in
addition satisfies

Trp=> (¢n,ppn) = 1.
neN

(i) Show that the trace is independent of the choice of basis {¢y, } nen.
(ii) Show that any rank-1 projection P = (1), ) s, ||¢«|| = 1, is a density operator.
(iii) Show that p? = p if and only if p is a rank-1 projection.

Solution:
(i) By assumption, the sum
Trp=> (¢n, ppn) =1
neN

converges to 1, and the positivity of p implies it also converges absolutely to 1.

To show that the sum is independent of the choice of orthonormal basis, let {1;};cn be a
second orthonormal basis. Then we can express any ,, from the first orthonormal basis in
terms of the v,

Pn = Z <¢ja90n> Q/Jj-

jeN

Plugged into the sum, we obtain

1=Trp= (puppa) = . ({5 0n) Yyop (1,00) W)

neN 7,l,meN

= > (@5 0n) W, 0n) (Wi, pt0) = > <¢la<§0na¢j> 90n> (Wi, p i)
Jsl,neN 7,l,neN

= > (W) (Wyph) =D (W5, p5) -
J1EN jeN

(ii) Firstof all, P = (1), -) v, is selfadjoint, because for all ¢, ¢ € L?(R"™), we have

(9, PO) = (p, (0, 0) hu) = (s 9) (0, 02)
= (e 0) s 6) = (P, 0).
Moreover, P > 0 because P2 = P, and thus

(p, Po) = (@, P*p) = (P*p, Pp) = (Pp, Pp) > 0.

By (i), we can compute the trace in any orthonormal basis, so for instance we can pick {,, }nen
with ¢ = 1),, and in that basis only one term of the sum survives,

TrP =Y (¢, Pon) = (s, PUs) + Y (on, Pon)

n=1 n=2

Thus, P is a density operator.



(iii) “<=:"if pis a rank-1 projection, then p? = p is a density operator by (ii).
“=:” Assume p> = p, i. e. p is an orthogonal projection (selfadjointness is included in the

definition of p). Hence, we can spit L*(R") = ranp & (ran p)L into the range of p and its
orthogonal complement, and the action of p and ¢ = ¢, + wﬁ is

pb = p(Lp+0y) =1h,.

Thus, choosing a basis {¢ nen = {¥n}nez U {¢nfnemz Where {¢n }nez is an orthonormal
basis of ran p, we compute

Trp = Z <<Pna pSDn> = Z <90n,,090n>

neN nel
!
= Z<80n790n> =|7]=1.
ne’l

Since |Z| is the dimensionality of ran p, we deduce that dim(ran p) = 1, and thus, P is arank-1
projection.



29. Extensions of operators
Consider the vector space Pol([0, 1]) of polynomials of finite degree with complex coefficients (seen

as functions from [0, 1] to C) and define the operator

Zanx — dp(z Znan

n=0

on Pol([0, 1]).
(i) Consider the Banach space (C([0,1]),][lo), [If]ly =
has a continuous extension d : C ([0,1]) — C([0,1]).

sup,¢po.1j|f(2)]. Investigate whether d

(ii) Consider the Banach space (C*([0,1]), ||[l,),
Iflly == sup [f(z)| + sup |f'(z)].

xe[ } .1’6[0,1]

Investigate whether d has a continuous extension to d:c L([0,1]) — c([0, 1]).
Hint: You may use without proof that Pol([0, 1]) is dense in C*([0, 1]), k = 0, 1.

Solution:
(i) We have to check whether d is bounded: Clearly, the monomials {z"},cn, are a basis of

Pol([0, 1]) with ||z"||, = 1, and we see that
[d(=")l _

d > 0 -
H HPol([O,l]) Han

n_IH i n—00

n 222 4o,
That means there cannot be any continuous extension.
(ii) The norm is now bounded,
ldply _ 19/l

Id] sup onn o 2llo + 117'lo
Pol([0,1]) — pepol((0.1])\ {0} Hp”l pepol([0,1)\{0} [[Pllo + [[7/[lo

wp 17l _
~ pepol([0,1))\ {0} [F24 ||0

)

so that by Theorem 5.1.6, there exists a bounded extension

d:c([o,1]) — c([0,1]).



