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1. The heat equation (18 points)
Consider the heat equation

∂tu(t, x) = ∂2xu(t, x) (1)

on the interval [0, L] with Neumann boundary conditions

∂xu(t, 0) = 0 = ∂xu(t, L) .

(i) Derive the solution using separation of variables.

(ii) Compute lim
t→∞

u(t, x) for any solution of (1), assuming you can interchange limit and sum.

(iii) Give a necessary condition on the coefficients which allows you to interchange limit and sum in (ii).
Justify your answer.

(iv) Solve (1) for the initial condition u(0, x) =
(
cos π

Lx
)2.





2. Classical mechanics (24 points)
Consider Hamilton’s equations of motion

d
dt

(
q
p

)
= XH :=

(
+∂pH
−∂qH

)
(2)

on R2 associated to the Hamilton function

H(p, q) =
√
m2 + p2 + V (q) .

(i) Assume V ∈ C2(R). Find the fixed points of the Hamiltonian vector field XH and characterize the
stability of each fixed point in terms of V (stable or unstable, elliptic or hyperbolic).

(ii) Show that for V (q) = q − 2 log
(
1 + q2

)
the Hamiltonian flow Φ exists for all t ∈ R.

(iii) For this potential V (q) = q− 2 log
(
1+ q2

)
, find all fixed points and characterize their stability (stable

or unstable, elliptic or hyperbolic).





3. The Schrödinger equation for spin (17 points)
For b > 0 consider the Schrödinger equation

i ddtψ(t) = Hψ(t) :=

(
0 −i b

+i b 0

)
ψ(t) , ψ(0) ∈ C2 , (3)

on the Hilbert space C2 with scalar product ⟨ψ,φ⟩ :=
∑
j=1,2

ψj φj .

(i) Compute the flow Φ. (Hint: Compute the powers ofH explicitly.)

(ii) Elaborate in what sense Φt exists.

(iii) Solve the initial value problem for ψ(0) = (1, 0).

(iv) Show that Φt is unitary.





4. Orthogonal projections (12 points)
Let P andQ be two orthogonal projections on a Hilbert spaceH.

(i) Assume in addition P Q = 0. Show that P +Q is an orthogonal projection.

(ii) Show that either ∥P∥ = 0 or ∥P∥ = 1.




